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Preface

Like many other children, 1 learned to play the game of Dots-and-Boxes soon
after I entered grade school. That was in 1946. Ever since then I have enjoyed
recurrent spurts of fascination with this game. During severai of these bursts of
interest, my playing proficiency broke through to a new and higher plateau, This
phenomenon seems to be common among humans frying to master any of a
wide variety of skills.

In Dots-and-Boxes, however, each advance can be associated with a2 new
mathematical insight! Players on each plateau ali share some key msight which
remains unknown to those on lower levels.

New resuits continue to be discovered every few years. One of my graduate
students and I found another one less than a month ago. Yet more discoveries
surely remain ahead.

Although the theorems are mathematical, many of them can be expressed in
terms that can be understood and used by grade school children, and most of
the proofs can be mastered by a good high school math student. Yet the search
for these fascinatingly simple results has challenged some of the world’s fore~
most mathematicians for several decades. 1 am confident that most readers of
this book will soon share my view that Dots-and-Boxes is the mathematically
richest popular child’s game in the world, by a substantial margin,

hon F orme a niub‘ I 'n-un‘-‘ az o mhild Mnf “nhl inv hinh goabhand A4 T
T WL & YD & Widiivly 1 Pl J Srllii%h. LWLE RdiXEd Jﬂmul lnl-‘l&u RIS WELW- b

discover the power of double-dealing moves (Chapter 1). Although my Dots-
and-Boxes piay remained at that same level for the next ten years, I did become
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The Dota-antd-Boxes Game

an avid fan of Martin Gardner's “Mathematical Games™ column in Scientific
American. I was awestruck when someone first showed me Bouton’s solution to
the game of Nim, and awestruck again when [ first read some of the work of
Richard Guy and Cedric Smith. The fact that some games have mathematically
based winning strategies made a big impression on me, although | did not vet
perceive any hope of finding such structure in Dots-and-Boxes.

When I was a student at MiT, I wrote bridge columns for The Teck and
became known as a games buff, One day some other students whom I did not
know recruited me to play a demonstration game against a rudimentary com-
puter program they had written to play 3 x 3 Dots-and-Boxes. That program had
superb graphics for its time, although the algorithms were primitive and the
processor was slow. Nevertheless, the program beat me. This certainly captured
my attention! Within the next few days, I discovered the importance of the parity
of the number of long chains. This moved me on to the next platean, but instead
of staying there, I continued to focus on the 3 x 3 game. [ discovered the
“swastika” strategy explained on page 9 of this book. Less than a week after my
intial defeat, I returned to resume the competition with the computer. I won all of
the next ten games: five going first, and five gomg second.

Conventional “computer game-playing” approaches do not work very well
on Dots-and-Boxes. Progress early in the game is very hard to measture be-
cause, as explained in Chapter 1, the most important issue of the fight is whether
the rumber of long chains will be odd or even. On big boards, neither player
knows whether he should fry to increase or decrease this number. Often that
remains unclear, even after the game reaches the stage at which i is feasible to
obtain a compiete solution to a closely related game descnbed in Chapter 6. in
recent vears, computers have become so fast that some programs based on
traditional artificial intelligence techmques can now play at a respectable level
on smaller boards. One of the best, written by ). P. Grossman, can be found at
http://dabble.ai.mit.edu/

While studying electrical engineering at MIT, | learned about duality of pla-
nar graphs, and observed that Dots-and-Boxes could also be described in terms
of a completely equivatent dual game, Strings-and-Coms. Yet, throughout my
years in graduate school, as an assistant professor at Berkeley, and visiting
academic stints at UNC and USC, my sporadic bursts of Dots-and-Boxes play

rerained on the same p!_ﬂ_ﬁ‘}lll 1 could then have solved some, but not all, of the
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probliems in Chapter 5 of this book.

Then | met Richard Guy and began hunting for ways to extend his beautiful
weork on Sprague-Grundy theory. This led me to a new game, which I christened
“Nimstring™! | composed a number of problems including “vines,” especially
“Kayles-vines,” and presented them at a ialk Richard Guy hosted at the Univer-



Preface

sity of Calgary. As an applied mathematician, I was very proud to be able to
relate the beautiful but “pure” work of Bouton, Sprague, Grundy, Smith, and Guy
t0 a very popular child’s game which hed long seemed so unsophisticated. In
the late 1960s, | met another avid student of mathematical games named John
Horton Conway. We spent several days discovering that there were several
games in which each of us could nearly always beat the other.

We agreed to join forces with Richard Guy to write a book, and began in the
late 1960s with hopes of completing it in two or three years, But Conway soon
discovered the theory of partizzun games. The goals of the project expanded and
expanded, until the comprehensive, two-volume first edition of Winning Ways
{1} was published in 1982, with Chapter 16 devoted to the game of Dots-and-
Boxes. Some of the results, including most of our “Harmiless Mutation Theo-
remn,” wete primarily due to Richard and John. As a computer scientist at that
time, | tried hard to find as many “NP" game results as [ could. The only two I
found which dealt with games both appeared in Winning Ways. One of them
deals with foony endgames at Dots-and-Boxes, A refined version that is more
applicable to real play appears in Chapter 11 of this book.

About every two or three years since 1971, I have taught courses or semi-
nars on mathematical games at UC Berkeley. Many topics that began as student
projects in this course evolved into significant contributions to the subject.
Many of these works are described in references {1] {5} [7], and [8). Iumuaﬂy

e oan g | P, Wy b mmwame e

hpt:nu iwo or three weeks on Dots-and-Boxes. While IEalCiing il COEsd, H
found a considerable gap between Nimstring theory (especially the composed
“vine” problems which illustrate the power of this theory so well) and the ad-
vanced chain-counting techniques of Chapter 4, which prove so powetful in
actual play. The first published reconciliation of these two viewpoints appears
on pages 50-52 of this book. It is a powerful technigue which will allow you to
compute nimstring values of realistic positions more quickly.

In addition to my enormous debt to Richard Guy and John Conway, I must
mention several others, without whose help over the years this book would not
exist. Timothy Riggle was my favorite Dots-and-Boxes opponent in grade school.
We moved to different cities when we were 9, and lost contact for the next 40
years, We then ran into each other again at 2 math conference in 1989, Tim was
then chairman of math and computer science at Baldwin Wallace College, and

ha than pnt them u“.rﬂ'n me m!mﬂ the R pgemie’ T aoture there n 10072 In

he then got them to invite me to give the Regents ture there in 1992. In
preparation for my visit, Tony Lanna organized a math games tournament ip
which over 100 students participated. The success of this tournament inspired
me to do likewise. Since then, I have sponsored tourmaments on pasticular
games at several math conferences, including one whose final games were
published [7]. These tournaments have led to an increased populanty of the

xi



The Dots-and-Boxes Game

3 > 5 board. It is big enough to be quite challengmy, and yet small enough o
keep games reasonably short.

John L. Kelly, Ir., who was my boss during two of my first three summers at
Beill Labs, showed me Bouten's elegant solution to the game of Nim. Most
recently, several current Berkeley graduate students have contributed to stud-
ies of Dots-and-Boxes. Freddy Mang wrote a very helpful computer program
described further at the end of Chapter 6. Saul Schieimer and Katherine Scott
have become so proficient at 5 x 5 Dots-and-Boxes that from time to time they
beat me. This book began as a collection of interesting positions that occurred
n those games. Apollo Hogan began an early on-iine version of this coilection.

The present form of this book benefited greatly from the encouragement of
Alice and Klaus Peters, and especially from the care and attention of their pro-
duction editor, Anel Jaffee. My initial title was *100 Dots-and-Boxes Problems
with Solutions™. They persuaded me to append the appropriate text. Some top-
ics, which had already been explained so eloguently by my co-authors in #in-
ning Ways, were shamelessly copied. Other topics from the Dots-and-Boxes
chapter of Winnming Ways were omitted, replaced, or expanded.

In some circles, Dots-and-Boxes remains as popular today as ever. I've en-
countered strangers playing games between children and children, between
parents and children, and between two parents, at places ranging frotn Germany
to sirpianes to Parents’ Day events at high schools in Connecticut, Kentucky,
and California. Nearly all of these games are played ou only the rost primitive
level of skill.

In fact, perfect play at 3 % 3 Dots-and-Boxes is simpler than perfect play at
3 = 3 Tic-Tac-Toe. Yot the iatter is known by many; the former, by very, very
few. Chapter { of this book aims to bridge that gap.

Mathernatics is all around us. It turks just beneath the surface of many things.
Even though many of the results are relatively easy fo explain, they have long
gone mostly unnoticed. This book reveals some of the mathematical notions
that will enable you fo become an expert at Dots-and-Boxes.



Conventions
for Problems

A (Arthur) = first player; B (Beth) = second player. Arthur plays the odd-num-
bered turns; Beth, the even.

The small number shown below the lower left (southwest) comer of each
probiem is the count of the number of moves already played. Although boxes
have already been made in some problems, there have been ng doublecrosses vet.
We use the geographic terms fo desenibe different regions of the board (e.g.
Northwest is the top left).

Wa ales viee “abhain®™ in meaan “lang chain® unloce athearanca enacifiod
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Chapter1

Dots-and-Boxes—
An Introduction

Dots-and-Boxes is a familiar paper and pencil game for two players; if has other
names in various parts of the world. Two players start from a rectangular array of
dots and take turns (o jomn two horizontally or vertically adjacent dots. Ifaplayer
completes the fourth side of a square (box) he initials that box and must then
draw another line, When all the boxes have been completed the game ends and
whoever has initizled more boxes is declared the winner.

A player who can complete a box is not obligated to do so if he has something
else he prefers to do, Play would become significantly different were this obligs-
tion imposed.

Figure 1 shows Arthur's and Beth’s game, in which Arthur started. Then,
Beth’s big sister, Amy, played the game shown in Figure 2 against Arthur's
friend Babar. This time Amy played first. Nothing was given away in the fairly
sypical opening that Arthur and Beth had used. Babar was happy fo copy Beth's
replies from that game and was delighted to see Amy follow it even as far as that
unlucky thirtcenth move, which had proved Arthur’s undoing. Babar grabbed
those 2 boxes and happily surrendered the bottom 3, expecting 4 in returm. But
Amy astounded him by giving him back 2. He pounced on those, but when he
came to make his bonus move, realized he was double-crossed!

3



The Dats-and-Boxes Game
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Figure 2 Amy's brilliance astounds Babar,



Dote-and-Boxes—An Introduction

Amy beats all her friends in this double-dealing way. Most children play at
random unless they’ve looked quite hard and found that every move opens up
some chain of boxes. Then they give the shortest chain away and get back the
next shortest in return, and so on.

But when you open a long chain for Amy, she may close it off with a double-
dealing move, which gives you the last 2 boxes but forces you 1o open the next
chain for her (Figure 3). In this way she keeps control right to the end of the
game.

Figure 3. Asny’'s double-dealing move.

You can see in Figure 4 just how effective this strategy can be, By politely
rejecting two cakes on every plate but the last you offer her, Amy helps herself
to & resounding 19 to 6 victory. In the same position you'd have defeated the
ordinary child 1410 1 1.

. Amy (Aybeals Youiy)beat the
You to move you iy} ordinary child (¢}
DRSS! I BnHnonn anann
i P <Iylyivly
a

A ¥ ¢ ¥
3.chain P 2 3
S.chain 3 2 5
8-chain & 2 8
Sechain 9 9

19 6 it 14



The Dots-and-Boxes Game

P
M

Figure 5. A doublecroas—two boxes at a singie stroke,

Double-Dealing Leads to Double-Crosses

Each double-dealing move is followed, usually immediately, by a move in which
two boxes are completed with a single stroke of the pen (Figure 5). These moves
are very important in the theory. We'll call them doublecrossed moves, because
whoever makes them usually has been!

Now Amy’s strategy suggests the following policy:

{ Make sure there are long chains about and try to

i force your opponent to be the first o open one.
| j

Try To Get Control. ..

We’ll say that whoever can force her opponent to open a long chain has
conirol of the game. Then:

When you have control, make sure you keep it
by politely declining 2 boxes of every long chain
except the last.

... And Then Keep It.

The player who has coatrol usually wins decisively when there are several fong
chains.

So the fight is really about control. How can you make sure of acquiring this
valuable commodity? It depends on whether you're playing the odd- or even-
numbered turns. ..



Dotg-and-Boxes-An Introduction

Figure 8. Which is A and which s B?

Throughout this book, we shall always assume that *A” plays the first turn
and “B" plays the second. As the game continues, 4 plays all of the odd-
numbered turns; B, the even.

‘The rule that helps them take control is:

i A tries to make the number of initial dots + l
doublecrossed moves odd. I
|

8 tries to make this number even.

Be SELFish about Dots + Doublecrossest

In simple games the number of doublecrosses will be one less than the sumber

of long chains and this rule becomes:

THE LONG CHAIN RULE:

Try to make the number of initial dots + eventual
tong chains even if yon are 4, odd if you are B.

The reason for these rules is that whatever shape board you have on your paper,
you’li find that:

Wismhar Af doke vt ofart nsth
LRRRAARL WA NFA WS AN APAARA L YW ARAR

+ Number of doublecrosses
= Total number of turns in the game.




The Dots-and-Boxes Game

To see this, we assume the initial position consists of »1 rows of n dots each, so that

MNumber of dots = mx»n
Number of honizontal moves = mx(n~1)
Number of vertical moves = nx (m 1)
Number of moves = 2mn —n-m
Number of boxes = (m—- 1} x{n-1)
= pipt -t 1
Number of moves — Number of boxes = mn -1
Number of completed turns = Number of moves + Number of doublecrosses
— Number of boxes
= mn— 1 + Number of doublecrosses
= Number of dots + Number of doublecrosses ~ 1

But the last move of the game necessarily completes a box, leaving the final
turn incomplete. So adding this turn to the total gives

Number of tums = Number of dots + Number of doublecrosses

How Long Is "Long™

We can find the proper definifion of long by thinking about Amy's endgame
techaique. A long chain is one that contains 3 or more squares, This is because
whichever edge Babar draws in such a chain, Amy can take ali but 2 of the boxes
in it, and complete her turn by drawing an edge that does not complete a box.
Figure 7 shows this for the 3-square chain. A chain of 2 squares is short because
our opponent might insert the middle edge, leaving us with no way of finishing our
tum in the same chain. This is called (Figure 8(a)) the hard-hearted handout.
When you think you are winning, but are forced to give away a pair of boxes,
you shouid always make a hard-hearted handout, so that your opponent has no
option but to accept. If you use a half-hearted one (Figure 8(b)) he might reply
with a double-dealing move and regain control. But if you're losing, you might

= = 21 =00

Figure 7. Amy's endgame technigues.
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Dots-and-Boxes--An Introduction

R 05 D U5 5 S

Figure B{a). Hard-hearted handoute

S5 S SN G o
— a3 =1

Figure 8(b}. Half-hearted handouts.

tty a half-hearted handout on the Enough Rope Principle. Officially this iz 4 bad
move, since your opponent, if he has any sense, will grab both squares. But
some mediocre players might blindly blunder both boxes back.

Since the focus of our attention is on long chains, we henceforth agsume
that unless otherwise specified (such as when preceded by the word “short™)
the term “chain™ means “long chamn.”

The 9-Box Game

The Long Chain Rule ensures that Beth can win the 9-box game. Her basic
strategy is to draw 4 spokes as in Figure 9, forcing every long chain to go through
the center. Against most children this wins for Beth by at least 6-3, but when
Beth plays this strategy Arthur can hold her down to 5-4, perhaps by sacrificing
the center square, after which Beth should abandon her spoke strategy. Of course,
Beth’s real aim is to arrange for just one chain, and she oftens improves her score
by forming this chain in some other way.

Beth usually prefers to put her spokes in squares where apother side is
already drawn, and she’s careful to draw spokes in only one of the two swastika
patterns of Figure 9. There usually aren’t any double-crossed moves, so that
Beth wins at the (16 + 0 =) 16® tum.

Arthur tries to arrange his moves so that some spoke can only be inserted as
a sacrifice, and either cuts up the chains as much as possible {maybe with a

center sacrifice) or forms two fong chains when Beth isn’t thinking,

* L I * & ]
® Wil B »
el L » b
. | ] » . @

Figure . Lecky Charms ward off more than one Jong chaiy:
Beth puts spokes in Arthor's wheel.
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‘The Dots-and-Boxes Game

Figure 10 The 4 x 6 Swedish game. Figure 11. The 3 x 3 Icelandic game,

Other Starting Postions
Swedish children often begin the game with the outside border filled in, as in

Figure 10. Another possible starting position, midway between the Swedish and
American versions, is the “Icelandic” position shown in Figure 11,

Other Shapes of Board

To beat all your friends on larger square and rectangular boards you'll really
need the Long Chain Rule. Remember to count a closed loop of 4 or more cells as
an even number of long chains and that each doublecross, no matter who makes
it, changes the number of long chains you want. (Think of a doublecross as a
long chain that’s already been filled in ) It’s good tactics to make the long chains
as long as possible and avoid closed loops when you can, because you forfeit
four boxes when declining a loop. These rules work for all large boards and even
for triangular Dots-and-Boxes boards, like that in Figure 12.

Of course, if your opponent is also using the Long Chain Rule, the fight for
control might be quite hard. The game of Nimstring {Chapter 6) is what control
is all about.

FEY S LY Y F LY F AR
’

PO S SO R ©

Figure 12, A board with 28 dots and 38 triangular celix
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Chapter 2
Strings-and-Coins

Dots-and-Boxes and Strings-and-Coins

You can play a dual form of Dots-and-Boxes, called Strings-and-Coins, with
strings, coins, and scissors. The ends of each piece of string are glued to two
different coins or to a coin and the ground (each string has at most one end
ghued to the ground) and each player in ftum cuts a4 new string. If your cut
completely detaches a coin, you pocket it and must then cut another string (if

there's one still ¢ m;\-u&; The game ends when all coins are de detached and the

player who pockets the greater number is the winner.

Figure 13 shows the dual of Arthur’s and Beth’s first game (compare it with
Figure 1). It started with 9 coins connected by 24 strings, 12 of them between
coins and coins, the other 12 between coins and the ground. We use litile
arrows for strings that run to the ground. The coins and strings form the nodes
and edges of a graph. It’s easy to make a graph to correspond to any Dots-and-
Boxes position. However, there are lots of graphs which don’t comrespond to
such positions; for example the graph may have cycies of odd length or nodes
with more than 4 edges, or the graph may be non-planar. In fact Strings-and-
Coins is a generatization of Dots-and-Boxes.

Even though Dots-and-Boxes and Strings-and-Coins are equivalent games,
some facts are easier to see from one viewpoint rather than the other. For ex-

H



The Dots-and-Boxes Game

Arthars move Belhamove Arthur's move Betlv's move

RS
g 4t 4t 4

A4, AAd. edd. edd
ran ik an ik o n e S a e

B hE

13 14 13 I8
Figure 13. A Stringz-and-Coins game—the dual of Figure 1.

ample, in any Dots-and-Boxes position, the horizontal and vertical moves in any
comer of the board are equivalent. Most students find this fact easier to grasp
when viewed from the Strings-and-Coins perspective. To decide whether or not
some specific set of boxes forms a chain, most beginners again find the Strings-
and-Coins viewpoint te be very helpful.
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Chapter 3

Elementary Chain
Counting Problems

3.1

3.2

3.3
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Answers
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Elementary Chain Counting Problems

3.4

3.6

3.7

Problems
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The dashed move ensures 1 chain,
H
|
| 3.3
; H—I
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Decline hatf-hearted handout to ensure getting the single chain!

L

g
Then 8 keeps cotrol only by sacrificing 2. 4 eventually wins 5-4.

3.7
..

The only way to stop the side chain is to samﬁeﬁ now. Even if A4 connter-
sacrifices, we'll get one chain in the west.
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Elernentary Chain Counting Problers
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Elementary Chain Counting Problems

Problems
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Answers
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Make only 2 chains,

314

Must prevent a Tong chain i southwest by ssorificing all 6 hoxes there, if
| necessary.
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Chapter 4
Advanced Chain Counting

Why Long Is Long

The argument explains why “long” must be defined precisely as follows. We
should call a chain long if it contains 3 or more coins, because no matter which
string of such a chain our opponent might cut, we may take all but 2 of its coins
and finish by cutting another string of the chain. We must cali a chain of 2 coins
short, because he might cut the middie string and prevent us from declining
those 2 vital coins (the hard-hearted handout). For a similar reason a closed loop
of 2 or 3 coins would be called short {short loops don’t arise in rectangular Dots-

> —
' A

{ E

Figure 14 Amy politely declines a long loop.

(-



The Dots-and-Boxes Game

and-Boxes). However, a loop with at feast 4 coins is called long, because we can
politely decline the last 4 coins no matter which string our opponent cuts. Figure
i4(a} shows how to do this on a 6-loop. When your opponent has cut the first
string as shown, you only take 2 of the coins and then cut the string in the
middle of the remaining 4. Figure 14(b) shows how this corresponds with Amy’s
way of playing Dots-and-Boxes.

Leony Moves

There are three types of moves which we call “loony™
1). A haif-hearted handout
2). A move which offers a long chain (of length at least 3)
3). A move which offers a iong loop (of length at least 4)

if our opponent has just made a loony move, then no matter what might be
the rest of the position, we can score at least half of the rest of the points|

The proof of this assertion rests on a {non-constructive) strategy-stealing
argument. T he half-hearted handout is the simplest case; it gives us an immedi-
ate choice between two options:

1) We can take the two boxes the opponent has just offered,
and go first in the rest of the game, or

2) We can decline the two boxes the opponent has just offered,
and thereby make him go first in the rest of the game.

In the latter case, he does best to begin by taking the two boxes himself, and
he is in precisely the same situation we were in if we had selected option 1. So,
if we knew how {omniscient) gurus wouid piay the rest of the game, we could
determine the optimum scores for the first and second players, and then elect to
play whichever side could do better.

If opponent’s first loony move is to offer us a long chain, of iength n, then we
can begin by taking n — 2 of these points, and then decide whether to aceept or
decline the last two depending on a global analysis which tells us whether we
prefer to go first or second on the remaining position. Similarly, if opponent’s
first loony move is to offer us a long loop, of length n, then we can begin by
taking n - 4 of these points, and then deciding whether to accept or decline the
last four points depending on a similar global analysis.

In general, all of the nodes (coins) in any strings and coins position which
have valence 2 3 {1.e., at least three branches at that node) are called joints, The
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Advanced Chain Counting

ground may also be viewed as a special joint. Unless they are immediately
capturable, ali other nodes have valence 2. The branches of the graph can be
partitioned into loops and strings. Each string is a path between some pair of
joints. Any short leop or short path provides a non-loony move. If all paths and
loops are long, then only loony moves are possible, and in this case it is conve-
nient to define the number of long chains as

Long Chains = Branches -~ Nodes

This definition gives the right answers when only loops and chains remain. Jt
allows us to count chains in more complicated positions, such as Figure 15, First
notice that all moves are loony. Next notice that there are 8 edges and 7 nodes,
so the formula says that the number of long chains is 8 - 7 = 1, By playing the
position a few times, we soon realize that it behaves precisely like the sum of one
3-chain followed by one 4-io0p.

Figure 13. Eight edges - Seven nodes = One chain

Chains Determined for Some Karlier Positions
In most of the problems of Chapter 2, the locations of the chains could be

determined by visual inspection, even though several non-loony moves re-

mained. The key principles are:

i either player can force the number of chains
{0 be even, then it is even.

I and

i I either player can force the number of chains
; 10 be odd, then it is odd.

Fyarmmlae annaar in Fionroe 1A thranah IR In stibhor voarcion af Riours 14 frot
AAMEARLARS BAnE GRTLRE AL X SR AW MLl 1k 20d CAAGR Yk araal L AT U 158, ek

player can prevent the formation of a long chain by sacrificing the middie box.
That cuts the position inte two disjoint pieces, neither of which has enough
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The Bots-and-Boxes Game

boxes to create a long chain. Likewise, even if the first {i.e. next) player player
plays a horizontal move along the bottom edge, second piayer can still prevent
the formation of 2 long chain by sacrificing the middle square {(and possibly one
adjacent square). Since either player can prevent a long chain, we can say that
there are 0 long chains in either version of Figure 16,

Figure HL No long chaing.

In Figure 17, either player can create a long chain. In Figure 17, first playercan
achieve this goal by playing any horizontal move, except the one in the middle,
that does not immediately sacrifice a box. Similarly, second playet con also force
one chain in Figure 17, no matter what move first play might have played.

I.CHO

Figure I7. One Jong chain

In Figure 18, first player can resolve the question of whether or not a long
chain will be created, by moving either to Figure 16 or to Figure 17. Thus, in
Figure 18, we say that the number of chains is unresolved.

In most of the problems in the next chapter, the overall position is comprised
of several disjoint subpositions, only one of which has an unresolved number of
chains. In such situations, the common winning strategy is fo make the move
which resolves the total number of chains to whichever parity gives one control,

I——O—.——O—.—' Wreiposnifporssciffovincifpusedll
> & ¥ B » * B B i #

8 b
Frgure 18, Unresolved number of tong chiaina,
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Advanced Chain Counting Problems
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The Dots-and-Boxes Game
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Chapter 6

Nimber Values for
Nimstring Graphs

Nimstring

We know that every Dots-and-Boxes position may also be viewed as a Strings-
and-Coins position. To advance to the next higher league, we need to master a
slightly different game, called Nimstring.

The game of Nimstring is played on exactly the same kind of graphs as
Strings-and-Coins, and you make exactly the same move by cutting 2 siring
(which gives you an extra turn whenever you detach a coin). In Strings-and-
Coins the winner is the player who detaches the larger number of coins, but
Nimstring is played instead according to the Normal Play Rule. So, for ordinary
Nimstring positions you lose when you detach the Iast coin, for then the rules
require you to make a further move when it is impossible to do so. (But 2 Nimstring
graph may have a string joining the ground fo itself, and if the last move cuts
this it doesn'’t detach a coin, and so wins.)

Nimstring looks quite different from Strings-and-Coins, but closer investiga-
tion shows that Nimstring is in fact a special case of Strings-and-Coins.

You can’t know all about Strings-and-Coins
uniess you know all about Nimstring!
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The DPots-and-Boxes Gane
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e P T e

Figure 18 {a). Hard Nimstring probiem. {b). This Strings-and-Colns problem is just as hard,

Figure 19 shows the construction which proves this. If G represents an arbi-
trary Nimstring problem, we add a long chain to it, and consider the resulting
Strings-and-Coins game~~the long chain should have more coins than G, Be-
cause the chain is so long and whoever first cuts a string of it allows his oppo-
nemt 1o capture all the coins of the chain on his next turn, both players will try to
avoid cutting any string of the chain, Neither player can force his opponent to
move on the chain until all the strings of G have been cut. In other words, the
only way to win the Strings-and-Coins game of Figure 19(b) is to play a winning
game of Nimstring on the graph G.

Figure 20 shows another construction. This time we get the Strings-and-Coins
game by adding several long chains and cycles to the Nimstring game G. ifthese
are long enough the winning strategy for the Strings-and-Coins game is then:

L L

Ifyour opponent moves in G, reply in G with a move from
the winning Nimstring strategy.

If he moves in a long chain, take all but rwo coins of that
chain, leaving just the string which joins them.

If he moves in a long cycle, take all but four coins of the
| cycle, leaving them as nwo pairs each joined by a string.
i

This strategy gives you all but 2 coins of ¢ach long chain and ali but 4 of each
fong cycle, so it will win for you if the total number of nodes in the added chains
and cvcles exceeds

{the number of nodes in G)
+4 x  (the number of added long chains)
+§ x  (the number of added long cycles).

4}



Nimber Values for Nimatring Graphs

Fignre 204{a). Another Nimztring game: (h). A Corresponding Strings-and-Coin game.

In practice the Nimstring position will often contain (potentiai) long chains
of its own, so that the strategy is of wider application. Recall that the “all but
2" principle was used by Amy against Babar (Figure 2). Many weil-played
games of Dots-and-Boxes are played like the corresponding Nimstring games,
except at the very end. The last long chain in a Nimstring game 1s treated like
any other: the winner takes all but the last 2 coins, which he gives to the loser
by a hard-hearted handout. For the last chain in Dots-and-Boxes, of course,
winner takes all!

Well-played games of Dots-and-Boxes frequently lead to the duals of posi-
tions like those in Figure 20(b). Most of the coins are in the long chaias and
loops, and the winner is whoever can force his opponent to cut the first string in
one of those, It seems to be very often the case that the winning strategy for
Nimstring also gives the winning strategy for Strings-and-Coins, There are many
other graphs than those satisfying the conditions of Figure 20(b) for which this
can be proved to happen. To win a game of Dots-and-Boxes or Strings-and-
Coins, you should try to win the corresponding game of Nimstring and at the
same time arrange that there are some fairly long chains about. In the rest of this
chapter we'll teach you how to become an expert at Nimstring,

To Take or Not To Take a Coin in Nimstring

A coin which has only a single string attached is capturable. Whenever there’s
a capturable coin the next player has the option of removing the corresponding
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The Dots-and-Boxes Game

branch, thereby detaching the coin and getting another (complimentary) move.
For some graphs this is the best move, for others, including one of those en-
countered by Amy in the game of Figure 2, the winning strategy is to refuse to
detach the coin. As you might guess, the decision as to whether it’s better to
take a com or decline it often depends on the entire graph. However, a great deal
can be deduced by examining only local preperties of the graph near the
capturable coin,

Any capturable coin must Iook like one of the six possibilities in Figure 21.
The string from the capturable coin goes either to the ground (Figure 21(a)) orto
snother coin. I to another coin, the number of strings there is either one (Figure
21(by), two (Figures 21{c), {¢), and (f)), or three or more (Figure 21{d)}. ifthere are
two strings, the second goes either to another capturable coin (Figure 21{c)), or
to the ground (Figure 21{¢)), or to a coin with two or moere strings (Figure 21()).
In each of the six cases the cloud contains all the coins and strings not regarded
as near enough to the capturable coin. The dotted lines in Figures 21(d) and (f)
are possible additional strings which may or may not be present.

We claim that in the first four cases (Figures 21(a}{(d)) the player to move
might as well cut string X and capture the coin, and in Figure 21(c), he might as
well continue by cutting string Y, taking two more coins. For suppose you have

SRR

Figure 21 {s). TAKE Figure 21(b). TAKE! Figure 2] {c}. TAKE!
A free coln. Twofreecolnsanda Three free coinsand 8
doublecross. doublecrose,

0 X 0 "l"
Figure 21 ) TAKE! Figure 21 (¢). WINI Figure 21(0), WINI
Afree coin. Half-hearted handouts,



Nimber Values for Nimstring Grapha

a winning strategy starting from one of these graphs, If this tells you to comiplete
your first tun by cuiting only certain unlettered strings, then your opponent
has the option of beginning his turn by cutting the lettered ones. But the same
position will be reached if instead you first cut all the lettered strings and then
cut the same unisttered ones as before. If there’s any winning strategy at all,
starting from these four cases, there’s one that begins by cutting the lettered
strings. So there’s no loss in generality in supposing that & good player will
TAKE a capturable coin of one of the four types in Figures 21(a)-{d).

The other two positions (Figures 21(¢) and (f}) are much more interesting, If
it's your turn to move in one of these two cases, you can either detach the
capturable coin by cutting string X, or decline to take it by cutting string Y. No

Figure 2l (e) Figure 21 {f}

OO
Detich /| \ Ducline
EITHER /i JOR\ s
inG dont~!

Figure 22(¢) Figure 22{}
Figure 22, Strategy stealing after a half -hearted handout.
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The Dots-and-Boxes Game

matter what the rest of the graph might be, one or other of these two moves wili
WIN. But you might need to look at the whole graph to decide whether your
winning strategy begins by cutting string X or string Y!

This somewhat surprising result can be provided by a cunning use of Strat-
egy Stealing (Figure 22).

We ask, for the games of Figures 19(¢) and (f):

who wins the smaller game G consisting of just the unlettered strings (Fig-
ures 22{ej and 22{(fy?

This is either the player who has to move from G or the player who doesn’t,
Whoever this fortunate player is, you should arrange fo steal his strategy. If the
player to move from G can win, then when playing from Figure 21{e} or {f) you
should start by cutting string X {which detaches a coin, so you continug), then
cut string Y {detaching another coin, so you continue again) and then begin the
game on {7, which of course you will play according to the winning strategy for
the first player. On the other hand, if there’s no winning move for the first player
from G then, starting from Figure 21(e) or (f), you should finish your tum imme-
diately by cutting string Y and so force your opponent to start the game G (he
might as well start by cutling string X if he doesn’t, you will iater,

The fact that the declining move forfeits 2 coins to your opponent makes no
difference in Nimstring, where the winner is determined by the last move. In
Strings-and-Coins (and Dots-and-Boxes) it might matter, but is unlikely to when
there are long chains about.

Nimber Values for Nimstring Graphs

Every nimstring position can be characterized by a single entity, called its value,
This value can be a “nimber” corresponding to any of the ordinary nonnegative
integers, or a special value, D, called “loony”, which in certain ways behaves
like a nimber corresponding to oo, Figure 23, shows an example of a loony
nimstring position,

o= ]

Figrare 23, A loony nimstring {or dots-and-boxes) problem.
The Mex Function

The value of a nimstring position can be computed by a simple recursion in-
volving a function called the mex {an abbreviation for “minimal excludant™). The
mex of any finite set of nonnegative integers is the feast nonnegative integer
not in the set.



Nimber Vatues for Nimstring Graphs

For example,

mex(5, i8)=0
mex(0, 1,2,3,5,7)=4
mex()=0

The last equation states that the mex of the empty setis 0.

Pagitiong of the tyne shown in Fioures 21(e) and () have 2 snecial value, D
¢ type shown n Frgures Zi(e) and (1) aay 1 2.

R SpLIaL Vaalsne,

When this value appears as an argument of the mex function, it can be ignored:

mex{},a,b, ¢)=mex(a,b,c)

The Recursion for Nimber Values

Here is the recursion to calculate the values of an arbitrary Nimstring Graph:

i

: The value of the empty graph (without any strings) is 0.

rmaim Lt Lt e R

The value of a graph with a capturable coin of one of the four
types in Figures 21{a){d} is equal to that of the subgraph :
obtained by removing the capturable coin(s) and its string(s).

The value of a graph with a capturable coin of one of the two
types in Figures 21(e} and (f) is D. !

H

The value of a graph with no capturable coins is found from
the values of the graphs left after cutting single strings by :

using the Mex Rule, ]
d

In the jargon of combinatorial game theory, Nimstring belongs to a category
of games calted “Impartial”. The assiduous reader can find many references to
such games in the literature, including “Fair Game” by Richard Guy [4], and
Chapters 4, 14, 15, 16 of “Winning Ways” [1]. It is conventional to precede all
nimber values, except O and D, by the prefix “+”. Nimber values for several simple
nimstring positions are worked out in Figure 24, The value of each position in
this figare appears just below it, Within each position, the value of the position
obtained by deleting any single branch is shown (without the * prefix) on the
branch. In particular, one interesting example is the 2 x 2 Icelandic game, which
often appears as one region among many others in a2 much larger position. The
equivalent nimstring graph appears at the bottom right of Figure 24, where we

45



The Dots-and-Boxes Game

find that the eight branches that might be removed yield values (ordered from
teftto right, top row first) of #3, *1, #3, *1, 0, %3, 0, *3, from which the recursion
gives the nimber value of the 2 x 2 Icelandic garne ag

mex(3,1,3,1,0,3,0,3)=2.
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Figure 24 Working out values for nimstring yraphs
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(Optional) Nimstring Problems




The Dots-and-Boxes Game
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Nimber Values for Nimstring Graphs

Who Wins Nimstring?

The following rule shows us how these nimber values allow us to determine who
can win from any position at Nimstring:

If a Nimstring position has any value other than 0, 1

then the next player to move can win by moving toa
position of value 0.

If a Nimstring position has value 0, then the player

who has just made the prior move can win.
L

In particular, the first player can win a game of Nimstring played on the small
2 % 2 Icelandic starting position.

Who Wins Sums of Nimstring Positions?

There is a rule which allows us to calculate the value of any SUM of nimstring
positions directly from the values of the individual summands. This rule was
discovered in 1901 by a Harvard mathematician named Bouton:

The nimber addition rule:

1. Write the nimber value of each summand in binary.
2. Form the XOR (exclusive-or) of these binary numbers.
3. That XOR result is the nimsum.

Loony values follow special rules:
Foranyn, D+sn=), andd+)=)

This is a powerful result, which enables us to analyze many positions with
much less effort than would otherwise be required. For example, consider the
4 x5 Dots and, Boxes position in Figure 25. In this position, 16 moves have
been played, and there are 33 possibilities of the next move. A direct attempt to

compute the nimber value of Figure 25 recursively would eventually entail
looking at all 2* subpositions. Fortunately, the corresponding nimstring graph
is the sum of three positions. In F igure 25, the “North” comprises the first two
rows. The “Southeast” is the 2 x 2 Icelandic corner, and the “Southwest” com-
prises 6 boxes which appeared in Problem 6.2 Because so many of the moves

in the North are loony, its value is easily calculated to be *1. Since we already
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The Dots-and-Boxes Game

North =*1 =001
Southeast = %) = 0
Southwest = %4 - 100

Figure 25 =111=x7

North =*] =001
Southeast = %2 =010
Southwest” = *4 =99

review of the answer to Problem 6.2 reveals thata winning N imstring move from
Figure 25 lies in the southwest corner of the board.

Nimbers and Chain-Counts

chains is unresolved, but can be resolved by the first player, have “big” nimber,
2 2. This corresponds to the fact that the mex function can attain a value > 2 if
and only if its inputs include bozs () and 1.

«
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Nimber Values for Nimstring Graphs

In prior chapters of this book, we found that chain-counts were often very
effective tools for finding winning moves in Dots-and-Boxes. When all-but-one
regions of the board contain a known number of long chains, and one region
remains unresolved, then, if possible, the first player should resolve the number
of chains in that region to attain whichever total parity he desires. These situa-
tions correspond to the cases in which all but one region of the board have
nimber values which are zero or one, and the remaining region has a big nimber
(>2). In that case, a winning move is clearly to reduce the big nimberto O or 1, as
needed to bring the total nimber value to 0.

Chain counting proves inadequate when several regions of the board con-
tain unresolved chain-counts. In particular, if exactly two regions of the board
are unresolved, then it is a mistake to resolve either, because your opponent can
then resolve the other in his favor. Fortunately, nimbers are more powerful than
chain-counts, because they successfully categorize the regions in which the
chain count is unresolved.

Nevertheless, chain-counts are very convenient. As we have seen in the
problems of Chapters 3 and 5, chain counting is often much easier than the
recursive computations which define nimber values in general. This is closely
related to the fact that, if a position has nimber value 0 or 1, it is sufficient to
know whether each of its followers has nimber value 0, 1, or BIG, and one
doesn’t need to know the precise values of the BIGs. Hence, expert nimstring
players need to be facile with both chain-counts and nimbers.

Students who attempt to relate these two approaches will eventually dis-
cover that there is another interesting class of positions, in which the number of
chains can be resolved by the second player. One example of this occurs after a
single corner move is played in the Icelandic 2 x 2 corner, yielding the position
shown in Figure 26. In this Figure, Bertha, if she chooses, can force an odd
number of long chains. Or, if she chooses, she might instead force an even
number of long chains. Since Arthur has so little influence on this nimstring
position, it is not surprising that he cannot win if this small position constitutes
the entire game. Since Figure 26 (if played alone) is a win for the second player,
its nimstring value must be 0. In the discussion on page 25, we saw that when the
position is loony (or, more generally, if the nimstring value is zero) it is conve-
nient to anticipate the parity of the number of long chains from the formula

Long Chains = Branches — Nodes (mod 2)

In Figure 26, there are 4 boxes and 7 moves remaining. So, we should infer that
the number of chains is odd. What this means is that, even in the context of a
much-larger game, we can make the canonicai restriction that, whenever a
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the Pots-and-Boxes Game

I L
L —
Figure 28. The 2 « 2 [eelandic garme after one move,

nimstring plaver plays on Figure 26, his opponent will always respond immedi-
ately with another move in the same region which ensures that there is a single
long chain there. Either player who has a winning sitrategy can still win if he
accepis the canonical restriction, even if his opponent ignores it, So the canons-
cal restriction provides some simplification without any loss of riger.

Thus, an experienced player might offer the following justification of the fact
that the 2 x 2 Icelandic corner has a “big” nimber:

1) First player can force 9 chains by immediately sacrificing the
interior comer.

2) First player can force one chain by playing immediately in the
eXterior COmer.

3) Therefore, the parity of the number of long chains is unresolved,
and the nimber is BIG. {i.e., = 2).

The second of these assertions is surely the most subtle.

Om-Line Nimstring Program

Freddy Mang wrote a computer program which computes nimsiring values of
Dots-and-Boxes positions. It is convenient to use, and is available on the web at
hitp:/fwww-cad.eecs. berkeley.edu/~fmang/nimstring/index.hitmi (For updated
references see www.akpeters.com).



Chapter 7

Elementary Problems
with Nimbers
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Elementary Problems with Nimbers

Problems
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Any of the three dashed moves forces o chain in the northwest (and so do
two others).

’?:Q ® & & & »

Since the southeast comner coumis sy one chain, the move shown gives 3
total of 3.
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In the northeast, the first plaver can force 4 chain Dut he cannot prevent 8
chain, so the oviging! northeast is +. Arthur too has several winsing moves,
mcluding the dashed move shown or a move which changes the west from 3 |
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Elementary Problemns with Nirbers

Problems

78 Can Second piayer force an even number of chains in this position?

S
o

(This problem is used in the sequel).

T.¢ Verify that the nimstring value of this position is * (2 $):

M

8




78 YES. Any move can be anigwored to one of the following:

L M ALAN AR Rete bR WAt b e B e MDA R L WALARR ke e
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L »
u ® B i ® 2 B
: {ese Case 2
; ) *
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' i e e
Case 3 gt 4
1 ?&?
; Follower is
?
] d means odd # chains Each Bmeans 22
; v mpans even: # chaing {Different Bs need not be equal.)
%
78 »
" ]
! .
: » » .
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1. ™ el
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Any dashed move gives *2 in southeast comer and wing,
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Chapter 8

More about Nimstring, Arrays,
Mutations, Vines, etc.

All Long Chains Are the Same

Look at the varicus positions of Figure 27, in which the clouds all conceal
exactly the same thing, and the necklaces that hang from them alf have at least
three beads. The graphs all behave the same way in Nimstring because all the
visible edges will always be loony moves.

QDGR

Figure ZV7. Three or more's a crowd,

Provided a chain has 3 or more nodes along it, the exact |
number doesn’t make any difference to the nimstring value. |

o8



The Bots-and-Baxea Game

This makes it handy to have a special notation for long chains:

e AVAV
LI NF

ol Yyl e = O OO O OO OO OF w0

Which Mutations Are Harmless?

More generally we can put in or take out some beads on any Nimstring graph G
1o obtain mutations of the graph {a bead, of course, is a node with just 2 edges).
Figure 28 shows a graph G and two mutations, H and K.

We'll use the word stop to mean either an arrowhead where the graph goes to
ground {an end) or any of the nodes which have 3 or more edges (the joints), A
path between two stops is long if it passes through 3 or more intermediate
nodes, short otherwise. Mutation usually affects the value, but there are a lot of
harmiess mutations that don't:

v, 1

& A mutation between two graphs will certainly be
[ harmless if every short path between stops in either

| graph corresponds to a short path in the other.

The Homleas Mutation Theorem,

Figure 28. A graph. a harmiess rmutation and a killing one,

B0



More about Nimwtring, Arreys, Mulations, Vines, efc,

Figare 28, Like moves i harmless mutations,

In Figure 28, H is a harmiess mutation of G, since the only short paths are AE,
Af, Ef, and the ones other than Aa that don’t pass through a stop. But AE is long
it K, and Cd is short, so this mutation is not covered by our theorem. In fact G
and H bave value %2, while X has value 0.

When G and H are related by a harmless mutation you just play H like G. A
non-foony move must cut some string of a short chain between two points A
and B that were stops at least unti] the move was made. A and B must have been
stops in the m'iginal graph and we can find a simniiar non- lmny move in the

=3 L- 8 mn h.d.l\ [~ L 1-F- 9 n
uxu’fatl-d B Uhaunt- l-hﬁ dlﬂl-ﬂd.thﬁ bElWE‘Bﬂ A ERd B Wﬂl W ﬂllﬂli U." I.gmt: .&'."}

We can strengthen our Mutation Theorem a little:

; If the path between two stops passes through
| one end of a long chain, you needn’t worry
| about the Jength of the path.

[ A——

(For in a graph bke Figure 30— which A or B might have been ends-—ARB
won't become a chain unless someone makes a loony move cutting the long
chain ending 2t C.)

Chopping and Changing

There are lots of more drastic changes we can make to Nimstring graphs without
affecting their values; for instance:

Long chains snap!

6t



The Dots-snd-Boxes Game

Fignare 30, The path AB pesses a long chainat €

This was hinted at in Figure 27, and Figure 31(a) shows how it’s written in our
long chain notation.

The remaining equivalencies of Figure 31 are more interesting, The middle
ﬁl.{l.li valence ufrlgu.u: 3 iﬂ‘f} is i.m;ubu%ﬁ: 33 useful {th e left nqm‘r’n}uﬂu 15a Euug
chain that snaps). It asserts that when an edge runs to a node from which two
long chains emanate, then this edge may be replaced by an edge running di-
rectly 10 the ground. More generally, when two long chains are attached to a
node, all other edges ending at this node may be replaced by edges running to
the ground (Figure 31(¢)).

The idea of the proof is that 2 node at the end of two long chaing can’t be
captured until after someone concedes the game by making a loony move. We
can apply the equality between the first and last parts of Figure 31(b) to every
branch that runs to the ground, so as 1o eliminate ground branches from every
graph. But usually it’s more convenient to use it in the other direction, eliminat-
ing many branches and nodes by introducing new ends. Sometimes, as in Figure
31(d), this gives rise to a branch joining the ground to itseif (a 0 by 1 game of

Diate-and-Roxes!\: such a branch contribsites *1 to the value,

B A RS FLRE AR L By WFRASERA B LR SRR WAS N LA RLR LR AE R

The equality between the first three parts of Figure 31{e) follows from the
Harmless Mutation Theorem, but that belween these and the last three doesn’t,
because some short chains have become long. The letters label corresponding
moves, and the P's show moves which we should ignore. Figures 31(b), {d), {f},
and (g) show that we can sometimes climinate circuits from our graphs—ihe last

a2



More about Nimstring, Areays, Mutations, Vines, ete,

@) Snap every Long Chain/

AV - AP e e AN
é:}('ut:‘df‘?mn-l.mg(lmpa aml}Cham‘ @%

} =
X

M\ ANAA

N ) <Ak
L T

(i Make Othiar Changes for fie Bater ! @) FTNCL

S W
S N M P

Figure H. Some usef'y] nimsteing eguivatences.
diagram of Figure 31{f) is our shorthand notation for any of the previous three,

which are harmiess mutations of each other. Figure 31(h)} has many varisnts,
abbreviated in Figure 31(i} (using the notation of Figure 32).

43



The Dots-and-Boxes Game

<« - (INJOINTED VINES SpolE or numbers near
O exeepl™ o <9 o L

edges
*1 * nodes ; 2 node equally
fear >
n o . SINGLE-JOINTED be placed on afer.
: 1 VINES A wi Lghmmn.;:
1* exczpt'+?—0» “95°” 3 or more fodes stridly
5 %2 iaez 5*2' Vwii‘;al chains have

A al” most™ 2 nodes .

. CROSSES :
.v *1 l*1 *1 l *1 l %1
o= DOUBLE-JOINTED VINES
d
n=0!4!12123 arennod™

® ® 2 0 “—_?—O—?-—I-
;E:;r # %3 ¥ VAR

14 ¥

¢ mixed QI 0| 0! O <—<l>—j>—o—o—>-
| ¥ €21 |%2| O «O—O—?—?—O—O—»
™ \f’ﬂ Long >

Figure 32. Noteworthy nimstring nimbers.

Vines

A vine is a Nimstring graph without circuits or capturable nodes in which all the
joints lie on a single long path (the stem) and each joint belongs to just 3 edges.
The chain joining an end to its nearest joint is called a tendril, so a single-jointed




More abort Nimstring, Areays, Metstions, Yines, ete.

vine has 3 tendrils. Vines with more joints have 2 tendrils at their endmost joints
and just 1 at intermiedtate ones. If the distance between two neighboring joints
is long, the vine decomiposes into two smaller opes because Jong chains snap,
$0 we can suppose such distances short, if we Hie.

The nimber values of all vines having at most two joints are shown in Figure 32
A Twopms-vine is one whose every distance between non-neighboring stops
{which may be either ends or joinis) is long. Such vines have the interesting
pmperty that any single non-loony move soon yvields a new position which is
the sum of simpler twopins-vines.

A non-loony tendnil move will necessarily create a long chain along the
stem of a twopins-vine. If there are other tendrils on both sides of the one just
played, then this long chain cas be snapped to break the position into a pair of
twopins-vines, whose total number of tendrils is one less than the original
twopins-vine. If one instead plays a non-loony stem move in the interioy of a
twopins-vine, then the twopins-vine¢ is broken into two pieces, cach of which
is a smaller twopins-vine. The adjacent tendrils on both sides of this stem
become ends of the new twopins-vine, and total number of tendrils is two less
than the original.

There are two interesting special cases of twopins-vines for which an unusu-
ally detatled and complete analysis is known. These are Dawsons-vines {all of
whose tendrils are lsng) and Kay]es -vines {all of whose fendrils are short). The

o muaiins mondes o Do dlsa saue

1 ..... L1 \"iﬂ.w UI- unwuuu a—-vmc w:m i j‘.ﬂ-l-tﬁ TILDLILY WAL IWM&I‘J!I

D =mex{(D +D_, )}
k

This recursion is seif-starting, with D and D, being the mex of the empty set,
which is 0. Then

D, =mex (D + D }=mex {0)=1

D, =mex (D+ D)= mex {0}~ 1

D,=mex(D+D, D+D)
=mex{},0)=2

“ﬁ‘l‘m we nas tha ﬂ;mn“m Rdf‘;ﬁﬂﬂ f"!lﬂ +n anmmatis
FRIEWA W TH W Wi fidw SLARREVLRAAL TSRl Ll Wil A LA L W WATAaEir hhi

D,+D,=0+¥1=+]

D+D =0+0=0

i)



The Doti-and-Baxes Game
Similarly,
D,=mex(D+D,D+D}
=mex(l,1)=0
D, ~mex{D+D,D+D,D+D)
=mex{2,1,0)=3 e

After some exceptional values shown in boldface in the foliowing table, these
values eventually settle down into a pattern with period 34:

;0123456739 11 13 15 17 19 2 3 B 7 W M B

0011203110332246522330113021104527
D, 14011203110332244552330113021104537
p,,.1481120311033224455933011302..

According 1o this table, the last exceptional value is D
Andin fact, foralik > 82, D, =D, .
The nimber values of Kayles-vines satisfy a similar recursion:

=2#D =9

14~ LR 64 + iR

K =mex(K+K,_ . K+K )
. i i } l'l"“l'l-—_;--t’ ) h’n-j-—!"

whose solutions are;

n 6123456789 WMNRBMISETVIIERARD
K, {06123 1t43214264127143214617
Kosold 1 2 8% 47218674123 1472187127
K,ol¢ 1 281472142741 28147218617
Kooid4 1 281 472182741281 472187271

Here again, there exceptional values, which are shown in boldface, die out,
and the sequence becomes purely periodic. This time the period is 12, and the
last exceptional value 151{_ ==6=H( = 2. But foralln 283, K =K,

All twoping-vinies are demmposmg in: the sense that whan any !mmch of the
vine is removed the new vine decomposes——often by snapping a chain-—into
two smaller ones. Some other vines, including that of Figure 33(b), are decom-
posing in the same sense, I is rather straightforward to compute the value of a
decomposing vine from the values of those of its subvines which include all of

60



Maore aboat Nimstring, Arrays, Mutations, Vines, ete.

VINES

{(a) A graph squivatent t0 the Dawson’s-ving D

{b) A decomposing vine.
Figure 32 Twonses of Figure 31

a consecutive sequence of the original tendrils. Since the number of such
subvines is proportional only tu the square of the number of tendri}s this ideais

ﬁﬂﬂ;“’ﬂ "‘M J'l‘ll'l*-ﬂ ‘Ml‘l’ Jﬂﬁmiﬂﬂ !]l!\ﬂﬂ ﬂ“’{ Pt & v 3 MBII hﬁ Q‘.ﬂa Fal W
WA SUA AUETW LN, AT RGEASONE, T ALl O, i Wials umqur ¥ amylhutvum ik &

computer.
More information about the nimber values of twopins-vines can be found in

Winming Ways {1}, which also contains much material on other impartial games
closely relsted to Kayles-vines and Dawson’s-vines.
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Chapter 9

Advanced
Nimstring Problems

91

Problems
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in the fop right comer, we bave 3 boxes that can be made into either one lopg,
chain or zero long chains; and any move there will force the situation one way or
the other. Hence its nimber 15 2, Tn the middie ts an 8-box loop, with nimber 0. The
rext of the game is 2 Kayles-vine with § tendrils. The nimbers for Kayles are:

g & 1 2 3 4 5.,
pimber: & 1 2 3 } 4

T U U

r

—

So the nimber of the whole game is now =2 + wd = #§, We musy change the 4
t 2 2, As seen from the above lat of nimbers for Kayles, this can be accom-
olished only by changing the S-tendrils into 1-tendril and 3-tendrils. This re-
quires a tendri] move rather than o stem move, and there are precisely two such |
mgives, marked sbove,

Since all long chains will eventmally be ours, we maxirize our store by mark-
ing them as long a3 possible. The move on the left side creates a chain of fength
4, while the move at the bottom cregies ane chain only of length 3, so thete is a
preforence for the former.
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Advanced Nimatring Problems
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Vines andd {ther Big Board Problems
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Answers
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. The twopins-vine hag value O, and the move shown reduces the lower lefi
comer from*2w0 0.
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Yines and {Hher Big Board Problema
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Chapter 10

Playing Dots-and-Boxes
with Very Close Scores

Nimstring Incentives

In the game of Nimstring, the amount by which a move changes the nimstring
value is called its “nimsiring incentive”. A very common incentive is *1, which

is often abbreviated more succinctly as *, Aay nonzero nimber can be a1 incen-
tive. For example, suppose a Nimsiring game is played on the sum of three
disconnected components, X, Y, and Z, whose respective nimstring values are 0,
+, and #3. The total position is

G= X+Y+ 2
= 0+ 443
=3

Any winping move from G must change the value from *2 to 0, so it must
have incentive *2, One such move would change the value of Z from *3 to ».
Another such move might change the value of Y from * to *3. Since the nimber
vabue of Y is 1, we know that the nimber values of its foilowers, Y, satisiy

t=mex(Y')

so Y necessarily includes 0 and excludes 1. Y™ might or might not include the
nimber 3.



In any position, if you have any move which

WIns against a perfect Opponent, then yoy
1 have a canonica] move which wins. ’

Alternatively, if we wigh to expand our list of winning options, then we should
also consider non-canonical moveg,

Non-Canonical Nimstring Moves Might Win

only one component of the position has a value which is g “big” nimber > 2, then
there is a hecessarily a canonica] winning nimstring move on the big compo-
nent. However, there might also be additional winning nimstring moves op one
Oor more of components whose value is 0 o *. .
Moves which have the same nimstring incentives can have quite different-
effects on the string-and-coins score, When this score ig close winning the

strings-and-coing game can depend on choosing which is these winning
nimstring moves is the best for strings-and-coins.

Canonical Strings-and—Coms Moves

It is also possible to simplif the choice among strings-and-coing moves b
¥
introducing “canonical” restrictions. For cxample, we decree that

AL 103 . .
' A fiali-hearted handout ig NOT canonical. #

So, a canonical player will always prefer a har d-hearted handout to a half-
one. The latter gives the OPponent more options than the former, and,
an expert opponent, these options can only serve to help him,

£ L

=+ £,

-

76
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Playing Dots-and-Boxes with Very Close Scores

There is no assurance that a noncanonical move will lose or that a canonical
move will win. Rather, we claim only that if there is a winning non-canonical
move from any given position, then there is also a winning canonical move.

To Take or Not to Take at Strings-and-Coins

When playing Dots-and-Boxes, or the eguivalent game of Strings-and-Coins,
most of the conditions under which a good nimstring player would take a point

rovraie calid
TvIniaiil Vaaiii,

In particular,

A canonical smnga-md-cums player will rake a coin in any of ]
the conditions shown in Figures 21a, 21b21c, and 21d. |

He will aiso take ali-but-two of any long chain which he is
offered, and all-but-four of any long loop which he ts offered. |

t

—F

e b— —

However, when he is down to the last four coins in any long loop, or the Jast
two coins in any long chain, (e.g., Figure 21¢), the canonical plaver will choose.
Sometimes his decision will differ from that of the Nimstring player. Whereas the
nimstring player will select the option which ensures herself the last move in the

PRSI | RETETPRERTI'|. PRIy, B o [ e

UVE.I.KH. Eil:u.lc, H.lﬂ AL o nuu{grmn‘i-wm Plﬂym W.I.il ﬁﬁ.‘[ﬂr& ail upuun Wlllhh
ensures himself at least half of the coins which remain untaken at the time the
decision is made. Since a canonical gury (who is able to analyze the entire game
flawiessly) will always make st:ich a decision correctly, it follows that ina game in
which the total number of poinis is odd,

When played against a canonical guru, any
lcony move is an losing move unless you are
far enough ahead in score that you remain
ahead when vour opponent makes his choice, 5

1£ the total number of points in the entire game is even, then possibly you might
be abie to gctaﬁeagainstacanonicalgumbypiayingabmymve when you are

ﬂka‘ M;" m‘lﬂ‘t‘ o o oETEa &ﬂ‘* *ﬂ L '.ﬂ ilﬂl mhﬂ'“ h.ﬂ m&l’m k"ﬂ .ﬂ]'l.ﬂ.'lﬂﬂ
fachi Oy YOCUED W0 COHSGEIT wGas Wd SUUET 16 Wil WhHLT Ll ILancs ai5 wvaliidod,

In particudar, suppose you have scored & more boxes than your opponent so
far in a Dots-and-Bozxes game which began with an odd x odd number of boxes
(and an even x even number of dots}. Suppose that you next play a loony move,
offering him an n-chain, where » 2 3. Then he will begin by taking n — 2 boxes.
When he makes his decision about whether or not to take the last two boxes,

Ei



The Dote-and-Boxes Game

vour lead will be k + 2 - n. [F this is negative, the canonical guru will certainly
win. He will also win if » = k + 2, because in that case, there will still be an odd
number of points available when he makes his choice, and he'll find the choice
which ensures that he gets at least one more of those points than you do. So, if
you can win by offering a (long) n-chain to the canonical guris, you'il haveto be
at least # — 1 points ahead when you play that loony move,

Mathematical Proofs Using "The Man in the Middle”

There is a interesting technigue which can be used to prove all of the assertions
made so far in this chapter, as well as certain other theorems. This technique is
called the “man-in-the-middle™.

A brash mathematical WhizKid, WK., who has barely learned the rules of
chess, boasts that he is ready to beat some famous grandmaster such as Judit
Polgar or Gary Kasparov. WK. asks only that the grandmaster grants him a
modest time advantage on the clocks: 2.5 hours for WK, versus 1 hour for the
grandmaster. An increduious patsy wagers a large sum of money that the whizkid
will surely lose to both grandmasters. The patsy becomes even more confident
when he learns that the whizkid will play both of them simultaneously!

The games begin as shown in the following table’. The first column indicates
the time at which each move is made,

Board 1 Board 2

Gary Kasparov WK, WK. Tudit Polgar
{white) {black) {white) (black)
time
00:00 l.e4
00:01 1.e4
o2 c5
00:03 cs
004 2.NS
00:05 2.Nf3

06:067 dé

0009 3.d44

* This chess opening, without any man in the middle, was actoaliy piayed between (ary
Kasparov and Judit Polgar in the Comis 2008 Toumament at Wijkanzee, Netheriands.

(f:]



Playing Dots-and-Boxes with Very Close Scores

The patsy soon realizes that he will lose his bet, because W.K. has cleverly
positioned himgelf as “the man in the middle” of what amounts to a single game!
The grandmasters must compete with each other, removing any possibility that
BOTH will win.

When applied to a canonical Dots-and-Boxes assertion, the “man in the maddie”
argument is used fo refute the assertion that a non-canonical move can win in
some position in which the corresponding canonical move loses. The identical
position is setup on Boards 1 and 2, Gurg “Kasparov™ beging with his presumed
noncanonical move on board 1. The man in the middie then plays his correspond-
mg canonical move on board 2, The man in the middie then copics the response
of puru “Pulgar” onto the other game against guru “Kasparov”. This works so
long as the gurus play in regions not directly adjacent to the non-canonical
opening move and its canonical facsimile, For each theorem, careful checking
may be needed to ensure that when a gure makes such a move, the man in the
middle is able to respond in a way thaf removes the small discrepancies between
the beards, and that he does 50 in such a way that either leaves the net scores the
same of, in some cases, might vield a net advantage for the man in the middle.

Our most assiduous reader will ao doubt be able to verify all of the relevant
details. Other readers may prefer to accept these assertions without proofs.

Some Elementary Endgame Positions with Few Joints

Figure 33 shows several endgame positions which commonly oceur ag sum-
mands in larger games: An independent chain of length 5, an independent loop
of length 8, a “dipper” with 2 handle of length 4 and a cup of length 4, and
“earmuffs” consisting of two {(dependent) loops of length 4 connected by a
headband of length 6.

A “joint” is a node of valence 2 3. The loop and the independent chain
contain no joints; the dipper contains one; the earmuffs, two. Although the
dipper and the earmuffs each contains a chain of length n, only the chain which
runs from ground to ground is “independent”,

We assert that

. O
A canonical piayer will never play an independent
chain if a shorter independent chain is available

and

A canomcal player will never play a loop if a shorter
loop is available.




The Bots-and-Boxes Game

RARAEe:

I AR o

Firure 34. {a) & long chain, (b} a loop. {c} a Dipper, and {d} FarrmufTs.

In particular, a canonicai player will never play an independent long chain {of
length 2 3) if any short chain (of length < 2) is available.

The man-in-the-middle argument can be used to verify that these restrictions
will never prevent our canonical guru from doing as well as is possible against

any (possibly non-canonical) opponent,

Canonical Comparison of Loops and Chains

Assertion:

| 1f s loony endgame contains a loop of length k and an |
independent chain of length », and if n 2 £, then a ca- |
{ nonical player should always prefer playing on the loop |
| t0 playing on the chain, except possibly when k =n=4. |
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Playing Dots-and-Boxes with Very Close Scores

W.Lo.g., we may assume that & is the length of the smallest loop and that » is
the length of the smallest chain. The proof, which uses both the man-in-the-
middle argument as well as several calculations with values, appears in [8 and 9].

An Overview of a Typical Large Dots-and-Boxes Game

Certain milestones will occur in the course of any Dots-and-Boxes game. When
the board is large, and the game is played between two canonical gurus, [ would
not be surprised to see these milestones oceur in the following order:

MOVES: PHASES
First sacrifice

First Loony move

Last “free” move

First loony endgame position

First chain declined
Loo Transitional
ny .
Fnd Last acceptance by Right
Left’s lead in score attains its maximum
Right’s Terminal acceptance

Experts often begin sacrificing much earlier than beginners. Typically, after
one player has made several such sacrifices, the other player will play a loony
move, even though several “free” moves (which cost no points) may remain.
Usually this early loony move is a 3-chain or a 4-chain near the middle of the
board. Ifit is not sacrificed early, the opponent will keep control while extending
this chain to a much longer length. After the early sacrifice, the areas at both
ends of the chain come into play. Whether this early loony sacrifice should be
accepted or not can be a challenging question, especially when the score is
destined to be very close.

The rest of this chapter is devoted to the plays which occur after the last

masa whaca imooanhbsrn wae wat L
VR Walsd ILelive Was Lo 10URY.
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The Dots-and-Boxes Game

Values of Loony Endgames

We say that an endgame becomes “loony” when only loony moves remain.
This is distinct from a “loony position”, which necessarily occurs after the next
move. The nimstring value of a loony endgame is 0. Nearly all Dots-and-Boxes
games become loony after sufficiently many turns. The play of the loony endgame
typically involves a large fraction of the total number of points scored in the
entire game, even though it usually lasts a relatively smaller pumber of turns.

If we count only the net score of the remaining (loony) position, it is clear that
this cannot favor the player who needs to make the next (loony) move, because
his opponent will soon have a choice, and often some additional points as well.
So we define the Strings-and-Coins “yalue” of a loony endgame position G,
denoted by V(G), as the net advantage in score which that position provides to
the second player. Suppose that first player moves ona chain of length ¢ (which
need not be independent). Suppose further that after all of this chain has been
taken, then the graph which remains is called G'. Then

WGy =c—-2+ V(G -2

because the second player will take ¢ — 2 boxes immediately, and then choose
between declining the last two boxes in order to score ¥(G") -2 additional points,
or accepting the last two boxes in order to score 2 — M(G") additional points.

Similarly, if first player moves on a loop of length k, leaving a position G', then
WG) = k—4+|V(G) - 4

In general, if first player has a choice of several long chains and loops on
which to play his loony move, then the value of G is the minimum among all such

CXpressions.
We notice in particular that if a loony endgame has value 0, then the first
move must necessarily be on a 4-loop. After the 4-Ioop is taken, the new graph,

', must have Strings-and-Coins value 4.

Fully Controlled Values

Loony Dots-and-Boxes endgames often reach a stage in which the same player
remains in control for a substantial number of consecutive moves. Either Arthur
or Beth might become this controlling player. This player might be viewed as the
dictator, the boss, or master; his opponent as the rebel, the worker, or the slave.
We prefer the simpler terms Right (for the player in control) versus Left. Ateach

turn, Left must make a loony move. Right then takes all-but-two of the offered

a9
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Playing Dots-and-Boxes with Very Close Scores

chain or all-but-four of the offered loop, and remains in control, leaving Left with
another loony endgame.

Let us now introduce the simplifying assumption that Right is (artificially)
competled to remain in control, even to the point of forcing Left to take the very
last box of the garne. The net score (for Right) under this assumption, is called
the “fully controlled value™.

For most positions that occur on graphs which are not unreasonably large,
fully controlled values arc reasonably straightforward to compute. As in prior
chapters, the number of strings attached to any c¢oin in the graph is called its
valence. Coins with valence 2 3 are called joinss. Joints and the ground are called
stops. Then every chain runs from a stop to another (possibly the same} stop.

Suppose the graph has ¢ coins and j joints with total valence v, counting
grounded ends as having valence 1 each. Let's further suppose that in the
course of the game, Lefi makes m moves on isolated cycles (loops) and n moves
on chains. So Left’s total score is

am+2n
and Right’s total score is
c~4m-2n

A move on an isolated cycle doesn’t change the valence, but a move on a
chain decreases the valence by 1 at each end, except that whenever the value of
a joint changes from 3 to 2 that joint disappears. That happens just once for each
joint, so

v=2n+ 2.
and so Left’s total score will be
Am+v-2j

Since v and j are fixed, Left will scheme to make as many moves on isolated

eycles as possible. If m is the maximum number of such cycles, the fully con-
troiled value is

¢+ & -2v-8m

The fully controiied value of a position which is the sum of several regions is
casily seen to be the sum of the ful!y controlled values of the regions The fully

ﬂﬂ“‘-’l‘tnl‘ 'm‘ L 1Y nr £ ) m\ .‘A ﬂhﬂl— -ﬂ C. .l‘ .‘ ﬂu& ‘g a-r J‘-‘_“’l]‘ﬂ‘l‘
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The Dots-and-Boxes Game

value of a loop is its length — 8. The fully controlled values of the dipper and the

earmuffs in Figure 33 can be determined by viewing each position as a sum of a

chain and loops. From the perspective of fully controlled values, these simple
positions decompose just as they did in Chapter 6.

“Very Long” Defined

A very long chain or a very long loop is one whose fully controlled value is
nonnegative. That means a chain of length at least 4, ora loop of length at least
8. Chains of length 3 and loops of lengths at least 4 but less than § are calied

“not-very long”.

Right's Terminal Bonus

Even if Right is not artificially compelled to retain control, he will do so voluntar-
ily if enough sufficienily long chains and loops remain to be played. Left will
generally choose to leave these until near the end. However, eventually the last
very long string will be played, and ifit is to Right’s advantage to accept all of i,

he will do so and gain an improvement over the tully controlled score. This gain
is called Right’s terminal bonus. Here are its values for several endings:

Terminal Position Bonus
Sum of independent chains of length 3 4
Independent Chain of length > 4 4
LongLoop + 3-chain 6
Long Loop 8

In order to minimize Right’s terminal bonus, if possible, Left should leave a
terminal position consisting of a longest independent chain. If there are no very
long independent chains, this might be a 3-chain.

Controlled Values

The “controlled value” of a loony endgame G is its fully controlled value plus
Rights’ terminal bonus. We denote this be Y(G). Since Right, if he so chooses,
can elect to retain control until he can take his terminal bonus, it is clear that

(G =z CV(G)

The controlled value can often be computed much more quickly than the
actual value. It also turns out that, under very common conditions we shall

. 84
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discuss later, the two are known to be equal. Since the controlied value is so
useful, it is very convenient to express it in the following formula, which com-
bines the formulas for the fully controtled value and Right’s terminal bonus into
a single expression:

Ifp> Y%, then CH{G)=8+c+4j-2v-8p

where p is the maximum adjusted mumber of node-disjoint loops, obtained by
counting each loop as

1 if it excludes the ground
¥ if it includes the ground and at least four other nodes
Y if it includes the ground and three other nodes

Suwei’nzgroumixsasmgie uncapi viurable Bﬂ(if.‘, and inue"pcauen" sndent chains are
viewed as loops through the ground, at most one chain can be included in the
count of p. So p =¥ only in the degenerate case in which { consists entirely of
a sum of independent chains of length 3.

When Strings-and-Coins Value Equals Controlied Value

i G contains many not-very long strings and loops, then its controlled value
can be negative. In such a case, it is obvious that ¥{G) > CHG). The beat play
may offer some not-very-long chain or loop, a gift which is accepted. Good
playess may continue to exchange such gifts for several moves, but eventually
one player will elect to take control and keep it until be can claim his terminal
bonus. This player assumes the role of Right.

After each loony move by Left, Right can decide whether to accept or de-
cline. Left’s goal is to order her moves in such a way that Right cannot gain by
any acceptance prior to the last or next-to-last loony move. If Left is unable to
find such an order, then V> CV.

Left's best strategy during the contrelled phase of the loony endgame is
often to pick an appropriate future position, H, and make plays which increase
Left's score while moving towards it. Ideally, all chains and loops in /f should be
very long, thus ensuring that once H is reached, playing out the rest of the game
will be very straightforward. It 15 also desirable that H have a high enough value
to ensure that Right is not tempted to abandon control before the position
reaches H. Clearly, if the number of coins in G is ¢, then CY{H) = ¢/2 is sufficient.
Actually there is a sense in which the much weaker condition CV{H) 2 10isnow
known to be sufficient, even if ¢ is very large [8]. To be specific, suppose thatno
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The Dots-and-Boxes Game

Answers

111

B should take this chain, offer the loop, and win 9-6, becaase the last TL:
boxes will be split 6-6.

B cannot get control, but she can win 8-7.




Dots-and-Boxes Problems with Close Scores

In this problem, determine the final score if both players play well. Explain
why. Is there any move which does nof win? Where and why?

114
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A

A can win 41-40 by playing UX, ¥Y, WZ, the thres 3-chains on the boundary,
the four 4-Joops along the bottom. He should save ST until the very end.
Premature play on UV U XY, YZ X2, 0t 8T, loses.
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The Bots-and-Boxes Game

o B Delb At Mol s»—»-w'

!

2%

Now there are 2 free moves and 3 chains of Tength 4, 4 will lead by 3 points

when only lootty moves remain, Giving both chains adjoining the loop allows 4
to win 13-12. -

1.6

1

The dashed move gacrifives p point immediately, but i takes control and
allows B to win the gume, 13-12,

s i

b
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The Dots-and-Boxes Gormne

Answers

IL? i'r&!ﬁ
-
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b P
26

i Tokeep control, 4 sust next sacrifice 2 in east, but then B plays a loony move
| in aorth!

ng hante Sk o Sld
. o b o

™

. : .

{vm&ccn

iy

A single move in either the north orthe east can create gither a chain ora lowp.
But if either player plays such s move, his opponent will play the other region, to
his advantage. So each player should play elsewhere as long a5 feasible.

Formally, the nimbers are as follows: : )

; North {cast) {8 boxes) 2
| Fast . {4 boxes)’ 2
i Northwest = 0
| South H

The nimber is 1, 308 canretain control by plaving a move of incentive 1, such

| as the move shown.
| This movealso extends the long chain, which the controller will eventually take.
There are many available moves with incentive *. They include a ymr of
moves whick sacrifice the single box in the northeast corner, or another pair of
moves which create a2 dangling 2-chain there. Later, there may also be some
moves that sacrifice one or two boxes in the south or northwest. However,
: eventually all such moves will be gone. 4 will then be forced to play amove with
| mcem:vz *2 or *3, in the north or cast, and B will then play the other (o retain

E m dmried e B wwriin gT—— ] el 2t e e b

é '.?I SR Wi &Hﬁ? wuuj mugnmc, ang m!s AR,

|
i
!
|
£
|
i
|
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Problems
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Answers
ney » .3 **20 . "
. % 5 5 8
. SR,
i}? move}
LR B R S
o Blegd W
f 3
» * B B Sdhl
25

It is necessary 1o make a ;wove of incentive %, nof amove of incentive *2 or
*3, The marked move (or any other move from the dot at the marked move’s
east endpoint) is preferred, as it evades mhrmf:naé loop to ensure 3 higher
WINNIE s00re.

.
1T

. w
2%

Play dashed move in the northwest fo take control. I B then plays the dotted
| move to stop the 6-loop, 4 extends the chain into the southwest corner. 4 may
| then néed to give 2 in the southeast, rather than § or 1 in the northwest, in order
o ensure winning the game,

b







The Dots-mid-Boxes Game

R At bt ST AL A R, M

(1) The only winning move is to sag- {2) X takes 4 boxes and then sacri~
rifice the 4-loop immediately, Brannow  fices the southern 3-chain before it
{ choose 10 either play "X™ or “Y” for  grows any longer. ¥ will decline. There
i the reut of the game. remain 3 free moves {on each i east,
i NW and SW), 3 short chains of length
2, and 2 big chains of lengths 3and 8. ¥
keeps control and gets the §-chain, but
Xand ¥ end with 12 points each. So 4 |
i _ wins the game, 13-12, no matter
é whether B chooges to play “X” or“¥."

(3) If instead of sacrificing the 4-loop, 4 begins by offering the southern 3~
chain, B could acoept this sacrifice and then offer the 4-loop and win.

” -

29

A’s dashed move threatens a second chain, so 8 must sacrifice two boxes in
the north to retain contrel. 4 then plays a Joony move fo sacrifice the center
square. B can either take this 3-chain or decline it, but either way 4 eventually §

e b I B ]
WL 3.1 z
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"The Dots-and-Boxes Game

Answers

rboxes v X,andY ‘éfe taken, the last 20 points will s‘;})ﬁ;‘}f}i—&ﬁ;av
‘ st get at Igast throe of the four points at V, W, X, and Y. The move:
“shown splits V-and W 50 that B oan ev ntually get one of them plus X and Y

win the game :

114

37

eral “free” moves, 4 will

Note the similarities o the prior problem. After sev
give 2 boxes in the northeast comer to B, who will take them and offer the

southwest 6-loop. After taking 2 of these 6 boxes, 4 loses 13-12 as in the prior

he SBERES SR LS o0

problem.
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115

116

. -l
3

101

7
%

e

e

=
S

T SR




%’
w

z

D e

B e e e Mebam BRI RIS RN g

2

E As in the prior two somewhat similar problems, the normal loony endgame
. will divide the last 16 boxes evenly,

¢ fa3-chain is created in the northenst, then B can win by assuming control
. until the loony endgame begins. If no 3-chain appears there, then B can win by
: collecting a majority of the 9 points on short chains. So the northeast is irrel-
. evant. B's abnormal move ensures victory, |

m& * B

K e e el e MR e e e

R T e

'
ll’wﬁlﬁ

21 ;
: i
There will be one chain in the northeast, Witk two loops, the loony endgame |
: won’t be worth enough to win unless the southeastern chain is fairly long. The
dashed move threatens to make a S-chain here, while taking control and win-
. ning. The cost to & of taking control i toe much.
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- . . -y
Answers i

H
H
i

i LR T3 AR ST

The dashed move foroes 4 1o play 1. 8 iakes two hoxes and plays two, |
forcing three. B takes two more boses and plays the loony move at four, 4
takes three boxes, but then, whether A ¢lects to double-deal or not, the fast 18 ¢

- boxes divide evenly.

IS qb—.—IQi;
» Mol

W ersilffurilh
»

»
* 5 » |
£}
Take control. If B nextplays either Or, 1 B sacrifices the center, play

, dashed move shown helow, respond the dotied move and then match |
. by playing the other, and then matoh- southeast with. northeast,
. ing southeast with northwest.

- P
' s " & {

23
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1119 In this problem with 4 to move, 4 clearly has control, The north is *2, and

ALEA SL ELY ZEANS e Lar At

every other region is (or *1. We mght nmnaﬁy assxx::m:é shouid makea loopin
the north in order to ensure § vhains,

* - . ®
’ttl—vlo
23

But this is an abnormal situation in which 4 wins only by forcing an odd
number of chaing! That's because the loony eandgame will be two 4-foops and
either an &-loop or an B-chain, and either of these final configurations of 16
boxes will be evenly divided, 8 to 8, Under normal play, whoever moves firston
this loony endgdme will have just completed the last (and decisive) short chain,
and the move shown is the only one on the board which ensures that £ can
become this victorious player.

In general, when ihe loony end-position is sufficiently close, the game canbe
analogous to misére Nim {1]. When only one Nim-heap contains 2 or more chips,
the player to move can determine who gets the last chip. In Dots~-and-Boxes, this
“last chip™ corresponds to the fast non-loony move, which gives one’s oppo-
nent the last short chain. Under “normal” conditions, this is a desirsble out-
come, because the opponent is then forced to give back long loops and chains,
Howaever, in the sbnormal case, when the fong Jeops and chains combine into a
very ¢lose endgame, it may be advantageous 1o gef the last short chain rather
than the Hrst long one.
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Problems
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Answers {
1120 1] O |
‘ A
33 is
» There are 4 chains, so 4 bas con- A takes ope box, and then faces s
trol, Although there are two “free” Hobbsian choice: to play "X or 1"
moves, B must instead play a loony $t matters not, because X and ¥ will

move, giving away a 3-chain.

¥ gives X two in the southwest, X
* takes and then gives the northeast.
- Thiy ixolates the 6doop,

.Y takes one but declines the Jast

D tw, X fakes, and then offers the 6~ -

loop rather than the remaining 3-

[ mul
\-i#ﬂi—"

P kit

each get 11 of the last 22 points, so
that 2 wins $3-12. After faking two,
X takes the ondy free move.

i eraet a4 e v Wirne Mt s bbe tesnd o seorariecra b it v Mmdbeb, sa i Nend e

¥takes all but the last two. Xtakes
these and gives back one J-chain,

o redpbens

R e S e

A S S W

Declining the loop would cost }’
four of its boxes, 50 ¥iakes the entire |
$oop but must then allow X ko take all

oedt i m Berand ¥ oabnaciden
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¥ e
% i
i Answers %
5 |
|
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L2k continueds e an e |
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:
| A — 2 ’
| ' .
i f
§ -
|
i ; E
z Bormilomrlimitimnrtboonctt 1}
| Sl B & “ :
i .
| , ;
! e n Y
o S
- - " " @ * :
Tn order to retain eontral, B must play a move with incentive *#4. “‘I’hemmm !
% such moves in any other region, so B must sacrifice the box, on Wim% A just
| played. A accepts and continues like this: : E
|
| -
{ : ;
- i
i %
é .
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The Dots-and-Boxes Game

Answers

{1120 comtivased}

The total south now has nimber 3 (*1 in the southwest + *2 in the southeast).
To retain confrol, & must play & move with incentive *3, Thers are no such
moves in the northwest; all moves there have ncentive *. Here is a move of
incentive *3 in cach of the castern regions:

; .
: M”"I
ERELE

7

i

gretimeman ey T s T

After B plays such a move, A plays another. Specificaily, he plays in the
northemnmore of the two remaining eastern regions. & can then retain control
only by playing the third of these moves. A collects twoe more boxes in the south
and plays in the northwest as shown:

32

There arethen five turns of incentive #, which we view as “daisy” moves, as
in “She-Loves-Me; She-Loves-Me-Not” {11, 4 dcquires 2 more points and then
leads by a score of 5-1. The loony endame consists of one 7-chain and two §-
: loops. B retains control, but 4 collects 4 points on each loop and wins the game

13121

Nor can B do any better by conceding conirol. If 4 gets control, he also gets
| asecond chain, which enisures him a bigger total score.
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Answers

i
; i
B22 Resign?! At first glance, this problem looks less challenging for 4 than |
the previous one, because ai!houghﬁ still has control, the controlling grip inthe
east appears weaker,

However, we belieye that A has no winning move in this problem position.
His attack beging as before, but B gow plays a different response:

o s doe e

% * Pl B

2%

¢ This move has incentive *3, so B retains control. A takes iwo boxes, plays

in the northeast, and B then sacrifices two more boxes fn the south. After
; taking them, 4 uibbles at the controller’s weskness in the east by playving the

TEARIR £33 ARLRRIRAY 2L AN AR RS NIRAN T e TRle0ns 213 EIT%r LER L3R PR A

' dﬁltﬁti move,

B responds with the dashed move in the northwest. Then, both players take
a free move in the north, one box in the south, and & pair of boxes in.eastor west.
A then has 8 points, and can score only 4 more in the loony endgame, so 8
prevails,

n4
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Answers
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Fatd

From the mimstring perspective, each of the two long chains in this problem
can be split, separating the southeast from the (north) west, The chain of length
2 in the southeast will either be saprificed or joined onto one (but not both!) of
the long chains. So the southeast nimber is 0 or 1. The (north) west nimber is at
feast 2,50 this containg a canonical move which wins at nimstring.

The move shown forces one long chain, and eventually victory for 8, al-
though early loony moves by 4 vield a close score. Compare with Problem 5.14.

i e P o i R et h e e

Solution has these local scores:
A B

Start H 4
L i 2

E M it 2
N i 1]
QG g 2
i H 2
£ 1§ 4
B 0 4
8 0 4
T ] 4
9] i 2
v i 2
W H 2.
X R 4
Y 26 0

% Z 0 3
Totals 40 41

- - #
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Unsolved Problems
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111
LA » L]
12 3 + #2 4 *3

Although there are several moves that keep control, none of them lead to a
winning ¢ndgame. Does any other move win? :

n
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Unsolved Problems
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[ ] .—D

12 3 g4
® -0 029 ¢

20

After the dashed move and turns 14 as shown above, 4 can choose to play

either X or ¥ in the following position, with X to move,

L ] 4 L 4
o JABIB o
e JAIX

. [B[B]B]
31

With best play, X can now find sufficient threats to turn the north into five ¥
boxes plus a 2-chain and g L-chain, but the last 16 boxes are evenly divided
between X'and ¥, So 4 does best to play X, but B wins by at least one point.

So perhaps 4 should not sacrifice at move 3 (2.

123
Does it matter whether X is 4 or B?
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Dashed move once looked worthy, with both dotted moves likely to be played
soon thereafter.
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Closely related to other problems.

126 *




The Dots-and-Boxes Game

Unsolved Problems

12'7 ......

1

12‘9 ¢« & 5 & o




Unsolved Problems

Unsolved Problems

-

<

518

)

[,

2

B has control because west = 0, south = *2 = portheast.
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The Dots-and-Boxes Game

Unsolved Problems

1213 I_:—I I I I

Teded
zgxi:r*.

Free moves left =11 vertical + 2 horizontal.
Many moves remain but still connected.

1214 . *»—e o o
! I
»—w—{ Io
s

Suggested approach: Consider each of the dotted moves individually. Since
loony chains split, any of these moves cuts the nimstring game into two big
pieces of about 8 active nodes each. Each of these positions which does not
achieve control has (several?) followers which do. The “follower” move cannot
attain control from the initial position, because it can be answered by one of the
three dotted moves shown.

This method should facilitate a nimstring analysis, which might provide the
basis for a Dots-and-Boxes analysis.
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Dashed move once looked promising.
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