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Preface

Like many other children, 1 learned to play the game of Dots-and-Boxes soon
after I entered grade school. That was in 1946. Ever since then I have enjoyed
recurrent spurts of fascination with this game. During severai of these bursts of
interest, my playing proficiency broke through to a new and higher plateau, This
phenomenon seems to be common among humans frying to master any of a
wide variety of skills.

In Dots-and-Boxes, however, each advance can be associated with a2 new
mathematical insight! Players on each plateau ali share some key msight which
remains unknown to those on lower levels.

New resuits continue to be discovered every few years. One of my graduate
students and I found another one less than a month ago. Yet more discoveries
surely remain ahead.

Although the theorems are mathematical, many of them can be expressed in
terms that can be understood and used by grade school children, and most of
the proofs can be mastered by a good high school math student. Yet the search
for these fascinatingly simple results has challenged some of the world’s fore~
most mathematicians for several decades. 1 am confident that most readers of
this book will soon share my view that Dots-and-Boxes is the mathematically
richest popular child’s game in the world, by a substantial margin,

hon F orme a niub‘ I 'n-un‘-‘ az o mhild Mnf “nhl inv hinh goabhand A4 T
T WL & YD & Widiivly 1 Pl J Srllii%h. LWLE RdiXEd Jﬂmul lnl-‘l&u RIS WELW- b

discover the power of double-dealing moves (Chapter 1). Although my Dots-
and-Boxes piay remained at that same level for the next ten years, I did become
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The Dota-antd-Boxes Game

an avid fan of Martin Gardner's “Mathematical Games™ column in Scientific
American. I was awestruck when someone first showed me Bouton’s solution to
the game of Nim, and awestruck again when [ first read some of the work of
Richard Guy and Cedric Smith. The fact that some games have mathematically
based winning strategies made a big impression on me, although | did not vet
perceive any hope of finding such structure in Dots-and-Boxes.

When I was a student at MiT, I wrote bridge columns for The Teck and
became known as a games buff, One day some other students whom I did not
know recruited me to play a demonstration game against a rudimentary com-
puter program they had written to play 3 x 3 Dots-and-Boxes. That program had
superb graphics for its time, although the algorithms were primitive and the
processor was slow. Nevertheless, the program beat me. This certainly captured
my attention! Within the next few days, I discovered the importance of the parity
of the number of long chains. This moved me on to the next platean, but instead
of staying there, I continued to focus on the 3 x 3 game. [ discovered the
“swastika” strategy explained on page 9 of this book. Less than a week after my
intial defeat, I returned to resume the competition with the computer. I won all of
the next ten games: five going first, and five gomg second.

Conventional “computer game-playing” approaches do not work very well
on Dots-and-Boxes. Progress early in the game is very hard to measture be-
cause, as explained in Chapter 1, the most important issue of the fight is whether
the rumber of long chains will be odd or even. On big boards, neither player
knows whether he should fry to increase or decrease this number. Often that
remains unclear, even after the game reaches the stage at which i is feasible to
obtain a compiete solution to a closely related game descnbed in Chapter 6. in
recent vears, computers have become so fast that some programs based on
traditional artificial intelligence techmques can now play at a respectable level
on smaller boards. One of the best, written by ). P. Grossman, can be found at
http://dabble.ai.mit.edu/

While studying electrical engineering at MIT, | learned about duality of pla-
nar graphs, and observed that Dots-and-Boxes could also be described in terms
of a completely equivatent dual game, Strings-and-Coms. Yet, throughout my
years in graduate school, as an assistant professor at Berkeley, and visiting
academic stints at UNC and USC, my sporadic bursts of Dots-and-Boxes play

rerained on the same p!_ﬂ_ﬁ‘}lll 1 could then have solved some, but not all, of the
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probliems in Chapter 5 of this book.

Then | met Richard Guy and began hunting for ways to extend his beautiful
weork on Sprague-Grundy theory. This led me to a new game, which I christened
“Nimstring™! | composed a number of problems including “vines,” especially
“Kayles-vines,” and presented them at a ialk Richard Guy hosted at the Univer-
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sity of Calgary. As an applied mathematician, I was very proud to be able to
relate the beautiful but “pure” work of Bouton, Sprague, Grundy, Smith, and Guy
t0 a very popular child’s game which hed long seemed so unsophisticated. In
the late 1960s, | met another avid student of mathematical games named John
Horton Conway. We spent several days discovering that there were several
games in which each of us could nearly always beat the other.

We agreed to join forces with Richard Guy to write a book, and began in the
late 1960s with hopes of completing it in two or three years, But Conway soon
discovered the theory of partizzun games. The goals of the project expanded and
expanded, until the comprehensive, two-volume first edition of Winning Ways
{1} was published in 1982, with Chapter 16 devoted to the game of Dots-and-
Boxes. Some of the results, including most of our “Harmiless Mutation Theo-
remn,” wete primarily due to Richard and John. As a computer scientist at that
time, | tried hard to find as many “NP" game results as [ could. The only two I
found which dealt with games both appeared in Winning Ways. One of them
deals with foony endgames at Dots-and-Boxes, A refined version that is more
applicable to real play appears in Chapter 11 of this book.

About every two or three years since 1971, I have taught courses or semi-
nars on mathematical games at UC Berkeley. Many topics that began as student
projects in this course evolved into significant contributions to the subject.
Many of these works are described in references {1] {5} [7], and [8). Iumuaﬂy

e oan g | P, Wy b mmwame e

hpt:nu iwo or three weeks on Dots-and-Boxes. While IEalCiing il COEsd, H
found a considerable gap between Nimstring theory (especially the composed
“vine” problems which illustrate the power of this theory so well) and the ad-
vanced chain-counting techniques of Chapter 4, which prove so powetful in
actual play. The first published reconciliation of these two viewpoints appears
on pages 50-52 of this book. It is a powerful technigue which will allow you to
compute nimstring values of realistic positions more quickly.

In addition to my enormous debt to Richard Guy and John Conway, I must
mention several others, without whose help over the years this book would not
exist. Timothy Riggle was my favorite Dots-and-Boxes opponent in grade school.
We moved to different cities when we were 9, and lost contact for the next 40
years, We then ran into each other again at 2 math conference in 1989, Tim was
then chairman of math and computer science at Baldwin Wallace College, and

ha than pnt them u“.rﬂ'n me m!mﬂ the R pgemie’ T aoture there n 10072 In

he then got them to invite me to give the Regents ture there in 1992. In
preparation for my visit, Tony Lanna organized a math games tournament ip
which over 100 students participated. The success of this tournament inspired
me to do likewise. Since then, I have sponsored tourmaments on pasticular
games at several math conferences, including one whose final games were
published [7]. These tournaments have led to an increased populanty of the

xi



The Dots-and-Boxes Game

3 > 5 board. It is big enough to be quite challengmy, and yet small enough o
keep games reasonably short.

John L. Kelly, Ir., who was my boss during two of my first three summers at
Beill Labs, showed me Bouten's elegant solution to the game of Nim. Most
recently, several current Berkeley graduate students have contributed to stud-
ies of Dots-and-Boxes. Freddy Mang wrote a very helpful computer program
described further at the end of Chapter 6. Saul Schieimer and Katherine Scott
have become so proficient at 5 x 5 Dots-and-Boxes that from time to time they
beat me. This book began as a collection of interesting positions that occurred
n those games. Apollo Hogan began an early on-iine version of this coilection.

The present form of this book benefited greatly from the encouragement of
Alice and Klaus Peters, and especially from the care and attention of their pro-
duction editor, Anel Jaffee. My initial title was *100 Dots-and-Boxes Problems
with Solutions™. They persuaded me to append the appropriate text. Some top-
ics, which had already been explained so eloguently by my co-authors in #in-
ning Ways, were shamelessly copied. Other topics from the Dots-and-Boxes
chapter of Winnming Ways were omitted, replaced, or expanded.

In some circles, Dots-and-Boxes remains as popular today as ever. I've en-
countered strangers playing games between children and children, between
parents and children, and between two parents, at places ranging frotn Germany
to sirpianes to Parents’ Day events at high schools in Connecticut, Kentucky,
and California. Nearly all of these games are played ou only the rost primitive
level of skill.

In fact, perfect play at 3 % 3 Dots-and-Boxes is simpler than perfect play at
3 = 3 Tic-Tac-Toe. Yot the iatter is known by many; the former, by very, very
few. Chapter { of this book aims to bridge that gap.

Mathernatics is all around us. It turks just beneath the surface of many things.
Even though many of the results are relatively easy fo explain, they have long
gone mostly unnoticed. This book reveals some of the mathematical notions
that will enable you fo become an expert at Dots-and-Boxes.



Conventions
for Problems

A (Arthur) = first player; B (Beth) = second player. Arthur plays the odd-num-
bered turns; Beth, the even.

The small number shown below the lower left (southwest) comer of each
probiem is the count of the number of moves already played. Although boxes
have already been made in some problems, there have been ng doublecrosses vet.
We use the geographic terms fo desenibe different regions of the board (e.g.
Northwest is the top left).

Wa ales viee “abhain®™ in meaan “lang chain® unloce athearanca enacifiod
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Chapter1

Dots-and-Boxes—
An Introduction

Dots-and-Boxes is a familiar paper and pencil game for two players; if has other
names in various parts of the world. Two players start from a rectangular array of
dots and take turns (o jomn two horizontally or vertically adjacent dots. Ifaplayer
completes the fourth side of a square (box) he initials that box and must then
draw another line, When all the boxes have been completed the game ends and
whoever has initizled more boxes is declared the winner.

A player who can complete a box is not obligated to do so if he has something
else he prefers to do, Play would become significantly different were this obligs-
tion imposed.

Figure 1 shows Arthur's and Beth’s game, in which Arthur started. Then,
Beth’s big sister, Amy, played the game shown in Figure 2 against Arthur's
friend Babar. This time Amy played first. Nothing was given away in the fairly
sypical opening that Arthur and Beth had used. Babar was happy fo copy Beth's
replies from that game and was delighted to see Amy follow it even as far as that
unlucky thirtcenth move, which had proved Arthur’s undoing. Babar grabbed
those 2 boxes and happily surrendered the bottom 3, expecting 4 in returm. But
Amy astounded him by giving him back 2. He pounced on those, but when he
came to make his bonus move, realized he was double-crossed!

3



The Dats-and-Boxes Game
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Figure 2 Amy's brilliance astounds Babar,



Dote-and-Boxes—An Introduction

Amy beats all her friends in this double-dealing way. Most children play at
random unless they’ve looked quite hard and found that every move opens up
some chain of boxes. Then they give the shortest chain away and get back the
next shortest in return, and so on.

But when you open a long chain for Amy, she may close it off with a double-
dealing move, which gives you the last 2 boxes but forces you 1o open the next
chain for her (Figure 3). In this way she keeps control right to the end of the
game.

Figure 3. Asny’'s double-dealing move.

You can see in Figure 4 just how effective this strategy can be, By politely
rejecting two cakes on every plate but the last you offer her, Amy helps herself
to & resounding 19 to 6 victory. In the same position you'd have defeated the
ordinary child 1410 1 1.

. Amy (Aybeals Youiy)beat the
You to move you iy} ordinary child (¢}
DRSS! I BnHnonn anann
i P <Iylyivly
a

A ¥ ¢ ¥
3.chain P 2 3
S.chain 3 2 5
8-chain & 2 8
Sechain 9 9

19 6 it 14



The Dots-and-Boxes Game

P
M

Figure 5. A doublecroas—two boxes at a singie stroke,

Double-Dealing Leads to Double-Crosses

Each double-dealing move is followed, usually immediately, by a move in which
two boxes are completed with a single stroke of the pen (Figure 5). These moves
are very important in the theory. We'll call them doublecrossed moves, because
whoever makes them usually has been!

Now Amy’s strategy suggests the following policy:

{ Make sure there are long chains about and try to

i force your opponent to be the first o open one.
| j

Try To Get Control. ..

We’ll say that whoever can force her opponent to open a long chain has
conirol of the game. Then:

When you have control, make sure you keep it
by politely declining 2 boxes of every long chain
except the last.

... And Then Keep It.

The player who has coatrol usually wins decisively when there are several fong
chains.

So the fight is really about control. How can you make sure of acquiring this
valuable commodity? It depends on whether you're playing the odd- or even-
numbered turns. ..



Dotg-and-Boxes-An Introduction

Figure 8. Which is A and which s B?

Throughout this book, we shall always assume that *A” plays the first turn
and “B" plays the second. As the game continues, 4 plays all of the odd-
numbered turns; B, the even.

‘The rule that helps them take control is:

i A tries to make the number of initial dots + l
doublecrossed moves odd. I
|

8 tries to make this number even.

Be SELFish about Dots + Doublecrossest

In simple games the number of doublecrosses will be one less than the sumber

of long chains and this rule becomes:

THE LONG CHAIN RULE:

Try to make the number of initial dots + eventual
tong chains even if yon are 4, odd if you are B.

The reason for these rules is that whatever shape board you have on your paper,
you’li find that:

Wismhar Af doke vt ofart nsth
LRRRAARL WA NFA WS AN APAARA L YW ARAR

+ Number of doublecrosses
= Total number of turns in the game.




The Dots-and-Boxes Game

To see this, we assume the initial position consists of »1 rows of n dots each, so that

MNumber of dots = mx»n
Number of honizontal moves = mx(n~1)
Number of vertical moves = nx (m 1)
Number of moves = 2mn —n-m
Number of boxes = (m—- 1} x{n-1)
= pipt -t 1
Number of moves — Number of boxes = mn -1
Number of completed turns = Number of moves + Number of doublecrosses
— Number of boxes
= mn— 1 + Number of doublecrosses
= Number of dots + Number of doublecrosses ~ 1

But the last move of the game necessarily completes a box, leaving the final
turn incomplete. So adding this turn to the total gives

Number of tums = Number of dots + Number of doublecrosses

How Long Is "Long™

We can find the proper definifion of long by thinking about Amy's endgame
techaique. A long chain is one that contains 3 or more squares, This is because
whichever edge Babar draws in such a chain, Amy can take ali but 2 of the boxes
in it, and complete her turn by drawing an edge that does not complete a box.
Figure 7 shows this for the 3-square chain. A chain of 2 squares is short because
our opponent might insert the middle edge, leaving us with no way of finishing our
tum in the same chain. This is called (Figure 8(a)) the hard-hearted handout.
When you think you are winning, but are forced to give away a pair of boxes,
you shouid always make a hard-hearted handout, so that your opponent has no
option but to accept. If you use a half-hearted one (Figure 8(b)) he might reply
with a double-dealing move and regain control. But if you're losing, you might

= = 21 =00

Figure 7. Amy's endgame technigues.
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Dots-and-Boxes--An Introduction

R 05 D U5 5 S

Figure B{a). Hard-hearted handoute

S5 S SN G o
— a3 =1

Figure 8(b}. Half-hearted handouts.

tty a half-hearted handout on the Enough Rope Principle. Officially this iz 4 bad
move, since your opponent, if he has any sense, will grab both squares. But
some mediocre players might blindly blunder both boxes back.

Since the focus of our attention is on long chains, we henceforth agsume
that unless otherwise specified (such as when preceded by the word “short™)
the term “chain™ means “long chamn.”

The 9-Box Game

The Long Chain Rule ensures that Beth can win the 9-box game. Her basic
strategy is to draw 4 spokes as in Figure 9, forcing every long chain to go through
the center. Against most children this wins for Beth by at least 6-3, but when
Beth plays this strategy Arthur can hold her down to 5-4, perhaps by sacrificing
the center square, after which Beth should abandon her spoke strategy. Of course,
Beth’s real aim is to arrange for just one chain, and she oftens improves her score
by forming this chain in some other way.

Beth usually prefers to put her spokes in squares where apother side is
already drawn, and she’s careful to draw spokes in only one of the two swastika
patterns of Figure 9. There usually aren’t any double-crossed moves, so that
Beth wins at the (16 + 0 =) 16® tum.

Arthur tries to arrange his moves so that some spoke can only be inserted as
a sacrifice, and either cuts up the chains as much as possible {maybe with a

center sacrifice) or forms two fong chains when Beth isn’t thinking,

* L I * & ]
® Wil B »
el L » b
. | ] » . @

Figure . Lecky Charms ward off more than one Jong chaiy:
Beth puts spokes in Arthor's wheel.

8



‘The Dots-and-Boxes Game

Figure 10 The 4 x 6 Swedish game. Figure 11. The 3 x 3 Icelandic game,

Other Starting Postions
Swedish children often begin the game with the outside border filled in, as in

Figure 10. Another possible starting position, midway between the Swedish and
American versions, is the “Icelandic” position shown in Figure 11,

Other Shapes of Board

To beat all your friends on larger square and rectangular boards you'll really
need the Long Chain Rule. Remember to count a closed loop of 4 or more cells as
an even number of long chains and that each doublecross, no matter who makes
it, changes the number of long chains you want. (Think of a doublecross as a
long chain that’s already been filled in ) It’s good tactics to make the long chains
as long as possible and avoid closed loops when you can, because you forfeit
four boxes when declining a loop. These rules work for all large boards and even
for triangular Dots-and-Boxes boards, like that in Figure 12.

Of course, if your opponent is also using the Long Chain Rule, the fight for
control might be quite hard. The game of Nimstring {Chapter 6) is what control
is all about.

FEY S LY Y F LY F AR
’

PO S SO R ©

Figure 12, A board with 28 dots and 38 triangular celix
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Chapter 2
Strings-and-Coins

Dots-and-Boxes and Strings-and-Coins

You can play a dual form of Dots-and-Boxes, called Strings-and-Coins, with
strings, coins, and scissors. The ends of each piece of string are glued to two
different coins or to a coin and the ground (each string has at most one end
ghued to the ground) and each player in ftum cuts a4 new string. If your cut
completely detaches a coin, you pocket it and must then cut another string (if

there's one still ¢ m;\-u&; The game ends when all coins are de detached and the

player who pockets the greater number is the winner.

Figure 13 shows the dual of Arthur’s and Beth’s first game (compare it with
Figure 1). It started with 9 coins connected by 24 strings, 12 of them between
coins and coins, the other 12 between coins and the ground. We use litile
arrows for strings that run to the ground. The coins and strings form the nodes
and edges of a graph. It’s easy to make a graph to correspond to any Dots-and-
Boxes position. However, there are lots of graphs which don’t comrespond to
such positions; for example the graph may have cycies of odd length or nodes
with more than 4 edges, or the graph may be non-planar. In fact Strings-and-
Coins is a generatization of Dots-and-Boxes.

Even though Dots-and-Boxes and Strings-and-Coins are equivalent games,
some facts are easier to see from one viewpoint rather than the other. For ex-

H



The Dots-and-Boxes Game

Arthars move Belhamove Arthur's move Betlv's move

RS
g 4t 4t 4

A4, AAd. edd. edd
ran ik an ik o n e S a e

B hE

13 14 13 I8
Figure 13. A Stringz-and-Coins game—the dual of Figure 1.

ample, in any Dots-and-Boxes position, the horizontal and vertical moves in any
comer of the board are equivalent. Most students find this fact easier to grasp
when viewed from the Strings-and-Coins perspective. To decide whether or not
some specific set of boxes forms a chain, most beginners again find the Strings-
and-Coins viewpoint te be very helpful.
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Chapter 3

Elementary Chain
Counting Problems

3.1

3.2

3.3
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Answers
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Elementary Chain Counting Problems

3.4

3.6

3.7

Problems
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The dashed move ensures 1 chain,
H
|
| 3.3
; H—I
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Decline hatf-hearted handout to ensure getting the single chain!

L

g
Then 8 keeps cotrol only by sacrificing 2. 4 eventually wins 5-4.

3.7
..

The only way to stop the side chain is to samﬁeﬁ now. Even if A4 connter-
sacrifices, we'll get one chain in the west.
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Elernentary Chain Counting Problers
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Elementary Chain Counting Problems

Problems
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Answers
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Make only 2 chains,

314

Must prevent a Tong chain i southwest by ssorificing all 6 hoxes there, if
| necessary.
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Chapter 4
Advanced Chain Counting

Why Long Is Long

The argument explains why “long” must be defined precisely as follows. We
should call a chain long if it contains 3 or more coins, because no matter which
string of such a chain our opponent might cut, we may take all but 2 of its coins
and finish by cutting another string of the chain. We must cali a chain of 2 coins
short, because he might cut the middie string and prevent us from declining
those 2 vital coins (the hard-hearted handout). For a similar reason a closed loop
of 2 or 3 coins would be called short {short loops don’t arise in rectangular Dots-

> —
' A

{ E

Figure 14 Amy politely declines a long loop.

(-



The Dots-and-Boxes Game

and-Boxes). However, a loop with at feast 4 coins is called long, because we can
politely decline the last 4 coins no matter which string our opponent cuts. Figure
i4(a} shows how to do this on a 6-loop. When your opponent has cut the first
string as shown, you only take 2 of the coins and then cut the string in the
middle of the remaining 4. Figure 14(b) shows how this corresponds with Amy’s
way of playing Dots-and-Boxes.

Leony Moves

There are three types of moves which we call “loony™
1). A haif-hearted handout
2). A move which offers a long chain (of length at least 3)
3). A move which offers a iong loop (of length at least 4)

if our opponent has just made a loony move, then no matter what might be
the rest of the position, we can score at least half of the rest of the points|

The proof of this assertion rests on a {non-constructive) strategy-stealing
argument. T he half-hearted handout is the simplest case; it gives us an immedi-
ate choice between two options:

1) We can take the two boxes the opponent has just offered,
and go first in the rest of the game, or

2) We can decline the two boxes the opponent has just offered,
and thereby make him go first in the rest of the game.

In the latter case, he does best to begin by taking the two boxes himself, and
he is in precisely the same situation we were in if we had selected option 1. So,
if we knew how {omniscient) gurus wouid piay the rest of the game, we could
determine the optimum scores for the first and second players, and then elect to
play whichever side could do better.

If opponent’s first loony move is to offer us a long chain, of iength n, then we
can begin by taking n — 2 of these points, and then decide whether to aceept or
decline the last two depending on a global analysis which tells us whether we
prefer to go first or second on the remaining position. Similarly, if opponent’s
first loony move is to offer us a long loop, of length n, then we can begin by
taking n - 4 of these points, and then deciding whether to accept or decline the
last four points depending on a similar global analysis.

In general, all of the nodes (coins) in any strings and coins position which
have valence 2 3 {1.e., at least three branches at that node) are called joints, The
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Advanced Chain Counting

ground may also be viewed as a special joint. Unless they are immediately
capturable, ali other nodes have valence 2. The branches of the graph can be
partitioned into loops and strings. Each string is a path between some pair of
joints. Any short leop or short path provides a non-loony move. If all paths and
loops are long, then only loony moves are possible, and in this case it is conve-
nient to define the number of long chains as

Long Chains = Branches -~ Nodes

This definition gives the right answers when only loops and chains remain. Jt
allows us to count chains in more complicated positions, such as Figure 15, First
notice that all moves are loony. Next notice that there are 8 edges and 7 nodes,
so the formula says that the number of long chains is 8 - 7 = 1, By playing the
position a few times, we soon realize that it behaves precisely like the sum of one
3-chain followed by one 4-io0p.

Figure 13. Eight edges - Seven nodes = One chain

Chains Determined for Some Karlier Positions
In most of the problems of Chapter 2, the locations of the chains could be

determined by visual inspection, even though several non-loony moves re-

mained. The key principles are:

i either player can force the number of chains
{0 be even, then it is even.

I and

i I either player can force the number of chains
; 10 be odd, then it is odd.

Fyarmmlae annaar in Fionroe 1A thranah IR In stibhor voarcion af Riours 14 frot
AAMEARLARS BAnE GRTLRE AL X SR AW MLl 1k 20d CAAGR Yk araal L AT U 158, ek

player can prevent the formation of a long chain by sacrificing the middie box.
That cuts the position inte two disjoint pieces, neither of which has enough
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The Bots-and-Boxes Game

boxes to create a long chain. Likewise, even if the first {i.e. next) player player
plays a horizontal move along the bottom edge, second piayer can still prevent
the formation of 2 long chain by sacrificing the middle square {(and possibly one
adjacent square). Since either player can prevent a long chain, we can say that
there are 0 long chains in either version of Figure 16,

Figure HL No long chaing.

In Figure 17, either player can create a long chain. In Figure 17, first playercan
achieve this goal by playing any horizontal move, except the one in the middle,
that does not immediately sacrifice a box. Similarly, second playet con also force
one chain in Figure 17, no matter what move first play might have played.

I.CHO

Figure I7. One Jong chain

In Figure 18, first player can resolve the question of whether or not a long
chain will be created, by moving either to Figure 16 or to Figure 17. Thus, in
Figure 18, we say that the number of chains is unresolved.

In most of the problems in the next chapter, the overall position is comprised
of several disjoint subpositions, only one of which has an unresolved number of
chains. In such situations, the common winning strategy is fo make the move
which resolves the total number of chains to whichever parity gives one control,

I——O—.——O—.—' Wreiposnifporssciffovincifpusedll
> & ¥ B » * B B i #

8 b
Frgure 18, Unresolved number of tong chiaina,
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Advanced Chain Counting Problems
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The Dots-and-Boxes Game

*
o
[ e ]
5 # % B 8 =%

0
Cine chain wins,
5113 *® el ¥ & *»
: r—o ™
E | II«
- *
; r [ 3 ﬁ—I w
. W " ¥ ¥
1%
. Ensures 3 chans.
§ 5 LS

Thenif A playsatC, B
_ responds at the other
C, and likewise for .

e e s S5t s s b s N

PP 1

ot i e e

FU—

(R TP

[ ——

‘-—m—-—»--—-« N Wl e e R e




516 e S
&

&7 llllll
L]




The Dots-anct-Boxes Game
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Chapter 6

Nimber Values for
Nimstring Graphs

Nimstring

We know that every Dots-and-Boxes position may also be viewed as a Strings-
and-Coins position. To advance to the next higher league, we need to master a
slightly different game, called Nimstring.

The game of Nimstring is played on exactly the same kind of graphs as
Strings-and-Coins, and you make exactly the same move by cutting 2 siring
(which gives you an extra turn whenever you detach a coin). In Strings-and-
Coins the winner is the player who detaches the larger number of coins, but
Nimstring is played instead according to the Normal Play Rule. So, for ordinary
Nimstring positions you lose when you detach the Iast coin, for then the rules
require you to make a further move when it is impossible to do so. (But 2 Nimstring
graph may have a string joining the ground fo itself, and if the last move cuts
this it doesn'’t detach a coin, and so wins.)

Nimstring looks quite different from Strings-and-Coins, but closer investiga-
tion shows that Nimstring is in fact a special case of Strings-and-Coins.

You can’t know all about Strings-and-Coins
uniess you know all about Nimstring!
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Figure 18 {a). Hard Nimstring probiem. {b). This Strings-and-Colns problem is just as hard,

Figure 19 shows the construction which proves this. If G represents an arbi-
trary Nimstring problem, we add a long chain to it, and consider the resulting
Strings-and-Coins game~~the long chain should have more coins than G, Be-
cause the chain is so long and whoever first cuts a string of it allows his oppo-
nemt 1o capture all the coins of the chain on his next turn, both players will try to
avoid cutting any string of the chain, Neither player can force his opponent to
move on the chain until all the strings of G have been cut. In other words, the
only way to win the Strings-and-Coins game of Figure 19(b) is to play a winning
game of Nimstring on the graph G.

Figure 20 shows another construction. This time we get the Strings-and-Coins
game by adding several long chains and cycles to the Nimstring game G. ifthese
are long enough the winning strategy for the Strings-and-Coins game is then:

L L

Ifyour opponent moves in G, reply in G with a move from
the winning Nimstring strategy.

If he moves in a long chain, take all but rwo coins of that
chain, leaving just the string which joins them.

If he moves in a long cycle, take all but four coins of the
| cycle, leaving them as nwo pairs each joined by a string.
i

This strategy gives you all but 2 coins of ¢ach long chain and ali but 4 of each
fong cycle, so it will win for you if the total number of nodes in the added chains
and cvcles exceeds

{the number of nodes in G)
+4 x  (the number of added long chains)
+§ x  (the number of added long cycles).

4}



Nimber Values for Nimatring Graphs

Fignre 204{a). Another Nimztring game: (h). A Corresponding Strings-and-Coin game.

In practice the Nimstring position will often contain (potentiai) long chains
of its own, so that the strategy is of wider application. Recall that the “all but
2" principle was used by Amy against Babar (Figure 2). Many weil-played
games of Dots-and-Boxes are played like the corresponding Nimstring games,
except at the very end. The last long chain in a Nimstring game 1s treated like
any other: the winner takes all but the last 2 coins, which he gives to the loser
by a hard-hearted handout. For the last chain in Dots-and-Boxes, of course,
winner takes all!

Well-played games of Dots-and-Boxes frequently lead to the duals of posi-
tions like those in Figure 20(b). Most of the coins are in the long chaias and
loops, and the winner is whoever can force his opponent to cut the first string in
one of those, It seems to be very often the case that the winning strategy for
Nimstring also gives the winning strategy for Strings-and-Coins, There are many
other graphs than those satisfying the conditions of Figure 20(b) for which this
can be proved to happen. To win a game of Dots-and-Boxes or Strings-and-
Coins, you should try to win the corresponding game of Nimstring and at the
same time arrange that there are some fairly long chains about. In the rest of this
chapter we'll teach you how to become an expert at Nimstring,

To Take or Not To Take a Coin in Nimstring

A coin which has only a single string attached is capturable. Whenever there’s
a capturable coin the next player has the option of removing the corresponding

H



The Dots-and-Boxes Game

branch, thereby detaching the coin and getting another (complimentary) move.
For some graphs this is the best move, for others, including one of those en-
countered by Amy in the game of Figure 2, the winning strategy is to refuse to
detach the coin. As you might guess, the decision as to whether it’s better to
take a com or decline it often depends on the entire graph. However, a great deal
can be deduced by examining only local preperties of the graph near the
capturable coin,
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